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Bayesian inference is applied to calibrate and quantify prediction uncertainty in a coupled multi-component
Hall thruster model. The model consists of cathode, discharge, and plume sub-models and outputs thruster
performance metrics, one-dimensional plasma properties, and the angular distribution of the current density
in the plume. The simulated thrusters include a magnetically shielded thruster operating on krypton, the
H9, and an unshielded thruster operating on xenon, the SPT-100, at pressures between 4.3–43µTorr-Kr and
1.7–80µTorr-Xe, respectively. After calibration, the model captures key pressure-related trends, including
changes in thrust and upstream shifts in the ion acceleration region. Furthermore, the model exhibits predictive
accuracy to within 10% when evaluated on flow rates and pressures not included in the training data, and can
predict some performance characteristics across test facilities to within the same range of conditions. Compared
to a previous model calibrated on some of the same data [Eckels et al. 2024], the model reduced predictive
errors in thrust and discharge current by greater than 50%. An extrapolation to on-orbit performance is
performed with an error of 9%, capturing trends in discharge current but not thrust. These findings are
discussed in the context of using data for predictive Hall thruster modeling in the presence of facility effects.

I. INTRODUCTION

Hall thrusters are the most widely-flown type of electric
spacecraft propulsion device, but despite their popular-
ity but they remain challenging to model. Predictive
models—those which can accurately predict the plasma
properties and global performance features of a thruster
from geometry and operating conditions alone—are a long-
standing goal of the Hall thruster modeling community.
Unfortunately, poorly-understood physical effects have
to date prevented such efforts from reaching fruition. In
addition to the well-known problem of anomalous cross-
field electron transport,1 there are also many subtle and
hard-to-model interactions between a thruster and the
vacuum facility in which it is tested. These “facility
effects” lead to thrusters performing differently in con-
ditions attainable in on-ground facilities than they do
in space.2–5 These effects complicate efforts to correlate
ground test data with in-space performance, increasing the
expense of thruster development and qualification. In the
absence of physics-based models for the aforementioned
phenomena, engineering simulations of Hall thrusters rely
on phenomenological models with parameters that must
be calibrated to match data.6–9 These modeling choices
introduce uncertainty which should be quantified.

To address this challenge, we apply a multidisciplinary
modeling approach. We model the thruster-facility sys-
tem in terms of a series of modular components which
interact via a limited set of coupling variables. We then
apply Bayesian inference to calibrate the coupled model
against data. Once calibrated, we make probabilistic pre-
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dictions at operating conditions and facilities outside of
those on which the model was trained. There are several
advantages to this approach. First, the modularity allows
new facility effects to be incorporated without changing
existing models. Models may likewise be upgraded or
replaced as improvements become available. Lastly, our
approach places uncertainty quantification in a central
role. As calibration is done probabilistically, we obtain
not just point estimates but full distributions of model
parameters and predictions of key quantities of interest.
In our 2023 paper,10 we used an previous version of

this model to calibrate the SPT-100 thruster across back-
ground pressures. While we obtained promising results
using a surrogate, predictive accuracy on held-out test
data for the model itself was larger than 30%, We take sev-
eral steps to address the limitations and outcomes of the
prior work, and we extend the analysis beyond the SPT-
100 and to new operating regimes. Specifically, we make
the following changes: 1) the computational expense of
the thruster discharge model has been reduced by greater
than 50%, which removes the need of a surrogate model
during the UQ analysis, 2) the Bayesian likelihood has
been updated to limit over-confidence in learned model
parameters, 3) the pressure-dependent models for neu-
tral ingestion, acceleration region shift, plume divergence
angle, and anomalous electron transport have been re-
vised to better match experimental trends, and to better
allocate model parameters.
These changes, particularly the updates to our mod-

eling assumptions, result in a model that agrees with
experimental data to within 10% for thrust and discharge
current, with similarly low errors observed for the ion
velocity, cathode coupling voltage, and plume ion cur-
rent density. These results improve upon our previous
work, in particular with respect to thrust and discharge
current where the model test errors were 30 and 53%,
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respectively.10 We additionally simulate a magnetically-
shielded thruster and demonstrate similar performance
using less data.

This paper is organized as follows. First, in Sec. II, we
describe the component models, the experimental data,
and the methods we apply to calibrate the model. In
Sec. III, we demonstrate that our coupled system model
exhibits improved prediction accuracy and can extrap-
olate to a held-out validation dataset. Next in Sec. IV
we comment on the applicability of our results to Hall
thruster engineering design and consider the limitations
of our approach and possible avenues for improvement.
Finally, in Sec. V, we summarize our findings.

II. METHODS

In this section, we describe the models in the coupled
framework, the experimental data, the calibration proce-
dure, and the uncertainty quantification approach.

A. Model

The Hall thruster system model, depicted in schematic
form in Fig. 1, comprises an analytic cathode coupling
model,11 a one-dimensional fluid code for the main
thruster discharge,12 and an analytic model for the ex-
pansion of the plume into a vacuum chamber.13 We
use these models to predict five quantities of interest
(QoIs): thrust, discharge current, cathode coupling volt-
age, axially-resolved 1-D ion velocity, and the plume ion
current density.
As illustrated in Fig. 1, each component model influ-

ences different QoIs. The cathode model computes the
cathode coupling voltage—the voltage needed to extract
cathode electrons into the Hall thruster discharge plasma.
This voltage determines the effective potential drop ap-
plied to the thruster model. The thruster model then
outputs the 1-D axial distribution of plasma properties in
the thruster discharge channel and near field plume, such
as the electron temperature and ion velocity, the discharge
current, ion current, and an “uncorrected” thrust. These
last two outputs pass to the plume component, which
models the angular distribution of the ion current density
at multiple distances downstream of the thruster. We
compute the divergence efficiency from this distribution
and then use this to “correct” the thrust to account for
divergence losses.
Each of the component models has a functional de-

pendence on the facility background pressure, enabling
the coupled system to capture a wide range of pressure-
dependent phenomena. We define the system model as

y = f(x) = [f1(x); f2(x); : : : ; fQ(x)]; (1)

where x and y are vectors containing all model inputs
and outputs, respectively and Q = 5 is the number of

QoIs. We split the model inputs x into
d and �. Operating conditions

represent the experimental conditions at which the data
were obtained. These may be known to within some in-
herent, irreducible uncertainty ( ) due
to measurement precision or noise. In contrast, model
parameters are unknown a priori, and have uncertainty
that can be reduced by calibrating with data (

).
Both � and d can be further broken down by com-

ponent, with subscripts C, T and P denoting cathode,
thruster, and plume, respectively. Tabs. I and II list each
component’s inputs and outputs. We use Bayesian infer-
ence, described further in Sec. II C, to calibrate the system
against data and characterize the posterior distribution of
the parameters �. After calibrating, we use a Monte Carlo
analysis of model predictions to understand the relative
magnitudes of the aleatoric and epistemic uncertainties.
This procedure is described further in Sec. IID.

The cathode coupling model, developed in Ref. 11,
predicts the cathode coupling voltage, Vcc, as a function
of facility background pressure PB using the following
physically-derived relationship:

Vcc = Vvac + Tec log

�
1 +

PB

PT

�
�
�

Tec

PT + P �

�
PB ; (2)

where Vvac is the expected coupling voltage at vacuum,
Tec is the effective cathode electron temperature, P � is
the pressure at which Vcc stops increasing, and PT is the
base pressure. We treat these four quantities as epistemic
model parameters.

We use the open-source 1-D axial fluid Hall thruster
code 12 to model the thruster discharge.
This code models a quasineutral, multi-species plasma of
neutrals, ions, and electrons subject to an accelerating
potential. HallThruster.jl solves a continuity equation for
the neutrals, both continuity and momentum equations
for ions, and an electron energy equation. It then models
electrons as an inertialess fluid and computes the electro-
static potential and electron current density using charge
conservation and the generalized Ohm’s law / quasineu-
tral drift diffusion approximation.7,14 We consider only
singly-charged ions in the present work, although the code
supports up to three. HallThruster.jl uses Vcc calculated
by cathode coupling model as the electric potential at the
right (cathode) boundary. The model outputs thrust and
ion current, which are passed to the plume model, as well
as discharge current and many spatially-resolved plasma
properties, including the axial ion velocity.
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P � �h�m�`�M�B�M�; �T�Q�B�M�i �T�`�2�b�b�m�`�2 �’Torr �* �S���`���K�2�i�2�` U(1; 100)
� anom �"���b�2 �B�M�p�2�`�b�2 �>���H�H �T���`���K�2�i�2�` �@ �h �S���`���K�2�i�2�`U(0; 1)
� anom ���M�Q�K���H�Q�m�b �i�`���M�b�T�Q�`�i �#���`�`�B�2�` �b�+���H�2 �@ �h �S���`���K�2�i�2�`U(0; 1)
zanom ���M�Q�K�X �i�`���M�b�T�Q�`�i �#���`�`�B�2�` �H�Q�+���i�B�Q�M �@ �h �S���`���K�2�i�2�`U(0:75; 1:5)
L anom ���M�Q�K�X �i�`���M�b�T�Q�`�i �#���`�`�B�2�` �r�B�/�i�? �@ �h �S���`���K�2�i�2�`U(0; 0:5)
� zanom ���M�Q�K�X �T�`�2�b�b�m�`�2 ���t�B���H �b�?�B�7�i �b�+���H�2 �@ �h �S���`���K�2�i�2�`U(0; 0:5)
un �L�2�m�i�`���H ���t�B���H �b�T�2�2�/ �K�f�b �h �S���`���K�2�i�2�`U(100; 500)
cw �1�H�2�+�i�`�Q�M �r���H�H �H�Q�b�b �b�+���H�2 �@ �h �S���`���K�2�i�2�`U(0:5; 1:5)
f n �L�2�m�i�`���H �B�M�;�2�b�i�B�Q�M �b�+���H�2 �@ �h �S���`���K�2�i�2�`U(1; 10)
c0 �_���i�B�Q �Q�7 �K���B�M �i�Q �b�+���i�i�2�`�2�/ �+�m�`�`�2�M�i�b �@ �S �S���`���K�2�i�2�`U(0; 1)
c1 �_���i�B�Q �Q�7 �K���B�M �i�Q �b�+���i�i�2�`�2�/ �/�B�p�X ���M�;�H�2�b �@ �S �S���`���K�2�i�2�`U(0:1; 0:9)
c2 �a�H�Q�T�2 �Q�7 �/�B�p�X ���M�;�H�2 �p�b�X �T�`�2�b�b�m�`�2rad Pa� 1 �S �S���`���K�2�i�2�` U(� 15; 15)
c3 �A�M�i�2�`�+�2�T�i �Q�7 �/�B�p�X ���M�;�H�2 �p�b�X �T�`�2�b�b�m�`�2rad �S �S���`���K�2�i�2�` U(0:2; �= 2)
c4 (10x ) �a�H�Q�T�2 �Q�7 �M�2�m�i�`���H �/�2�M�b�B�i�v �p�b�XPB m� 3 Pa� 1 �S �S���`���K�2�i�2�` U(18; 22)
c5 (10x ) �A�M�i�2�`�+�2�T�i �Q�7 �M�2�m�i�`���H �/�2�M�b�B�i�v �p�b�XPB m� 3 �S �S���`���K�2�i�2�` U(14; 18)

U(x; y ) �/�2�M�Q�i�2�b �� �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M �#�2�i�r�2�2�Mx ���M�/y�X
N ( � ; x%) �/�2�M�Q�i�2�b �� �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M ���#�Q�m�i �� �M�Q�K�B�M���H �p���H�m�2 �r�B�i�? �� �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M �Q�7x%�X
�o���`�B���#�H�2�b �r�B�i�? �i�?�2(10x ) �M�Q�i���i�B�Q�M �/�2�M�Q�i�2 �� �H�Q�;�@�m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M�X

�h���"�G�1 �A�A�, �P�m�i�T�m�i�b �Q�7 �i�?�2 �+�Q�m�T�H�2�/ �+���i�?�Q�/�2�@�i�?�`�m�b�i�2�`�@�T�H�m�K�2 �b�v�b�i�2�K�X

�a�v�K�#�Q�H �.�2�b�+�`�B�T�i�B�Q�M �l�M�B�i�b �*�Q�K�T�Q�M�2�M�i �*�Q�m�T�H�B�M�;

Vcc �*���i�?�Q�/�2 �+�Q�m�T�H�B�M�; �p�Q�H�i���;�2 V �*���i�?�Q�/�2 �*���i�?�Q�/�2���h�?�`�m�b�i�2�`
T �l�M�+�Q�`�`�2�+�i�2�/ �i�?�`�m�b�i N �h�?�`�m�b�i�2�` �h�?�`�m�b�i�2�`���S�H�m�K�2
I B �A�Q�M �+�m�`�`�2�M�i A �h�?�`�m�b�i�2�` �h�?�`�m�b�i�2�`���S�H�m�K�2
I D �.�B�b�+�?���`�;�2 �+�m�`�`�2�M�i A �h�?�`�m�b�i�2�` �@
uion ���t�B���H �b�B�M�;�H�v�@�+�?���`�;�2�/ �B�Q�M �p�2�H�Q�+�B�i�vm=s �h�?�`�m�b�i�2�` �@
Tc �*�Q�`�`�2�+�i�2�/ �i�?�`�m�b�i N �S�H�m�K�2 �@
j ion �S�H�m�K�2 �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v A=m2 �S�H�m�K�2 �@

�6�B�;�X �k �i�?�2 �b�?���T�2 �Q�7 �i�?�2 ���M�Q�K���H�Q�m�b �i�`���M�b�T�Q�`�i �+�m�`�p�2 ���M�/
�i�?�2 �2�z�2�+�i �Q�7 �i�?�2 �T�`�2�b�b�m�`�2 �b�?�B�7�i �K�Q�/�2�H�X

�q�2 �+���H�B�#�`���i�2 �i�r�Q ���/�/�B�i�B�Q�M���H �T���`���K�2�i�2�`�b �B�M ���/�/�B�i�B�Q�M
�i�Q �i�?�Q�b�2 �+�Q�M�i�`�Q�H�H�B�M�; ���M�Q�K���H�Q�m�b �i�`���M�b�T�Q�`�i�, �� �M�2�m�i�`���H �B�M�@
�;�2�b�i�B�Q�M �b�+���H�2 �7���+�i�Q�`f n ���M�/ �� �r���H�H �H�Q�b�b �b�+���H�2 �7���+�i�Q�`cw �X
�>���H�H �i�?�`�m�b�i�2�`�b �i�v�T�B�+���H�H�v �2�t�?�B�#�B�i �B�M�+�`�2���b�2�/ �i�?�`�m�b�i ���i �?�B�;�?
�#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�b �B�M �T���`�i �/�m�2 �i�Q �i�?�2 �B�M�;�2�b�i�B�Q�M �Q�7 �#���+�F�@
�;�`�Q�m�M�/ �M�2�m�i�`���H�b�- �r�?�B�+�? �b�2�`�p�2 ���b �2�t�i�`�� �T�`�Q�T�2�H�H���M�i�X�R�e�-�R�d�q�2
�+���H�+�m�H���i�2 �i�?�2 ���K�Q�m�M�i �Q�7 �B�M�;�2�b�i�2�/ �M�2�m�i�`���H �T�`�Q�T�2�H�H���M�i ���b
�i�?�2 �Q�M�2�@�b�B�/�2�/ �~�m�t �Q�7 �� �b�i���i�B�Q�M���`�v �J���t�r�2�H�H�B���M �T�Q�T�m�H���i�B�Q�M
�Q�7 �M�2�m�i�`���H�b �Q�7 �� �b�T�2�+�B�}�2�/ �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2 ���M�/ �i�2�K�@
�T�2�`���i�m�`�2 ���+�`�Q�b�b �i�?�2 �2�t�B�i �T�H���M�2 �Q�7 �i�?�2 �i�?�`�m�b�i�2�`�X �P�M �B�i�b
�Q�r�M�- �i�?�B�b �K�Q�/�2�H �K���v �m�M�/�2�`�@�T�`�2�/�B�+�i �i�?�2 �i�`�m�2 �/�2�;�`�2�2 �Q�7
�M�2�m�i�`���H �B�M�;�2�b�i�B�Q�M�-�R�d�b�Q �r�2 �K�m�H�i�B�T�H�v �i�?�2 �B�M�;�2�b�i�2�/ �M�2�m�i�`���H
�~�m�t �#�vf n �i�Q �#�2�i�i�2�` �K���i�+�? �2�t�T�2�`�B�K�2�M�i�b�X �a�2�+�Q�M�/�- �i�?�2 �r���H�H
�H�Q�b�b �b�+���H�2 �T���`���K�2�i�2�`�-cw �- �b�+���H�2�b �i�?�2 �T�H���b�K�� �2�/�;�2�@�i�Q�@�+�2�M�i�2�`
�/�2�M�b�B�i�v �`���i�B�Q �7�`�Q�K �B�i�b �#���b�2 �p���H�m�2 �Q�7 �y�X�8 �r�?�2�M �T�2�`�7�Q�`�K�@

�B�M�; �2�H�2�+�i�`�Q�M �b�?�2���i�? �H�Q�b�b �+���H�+�m�H���i�B�Q�M�b�X �h�?�2�b�2 �r���H�H �H�Q�b�b�2�b
���`�2 �i�?�2 �K���B�M �K�2�i�?�Q�/ �#�v �r�?�B�+�? �>���H�H�h�?�`�m�b�i�2�`�X�D�H �/�B�b�i�B�M�@
�;�m�B�b�?�2�b �#�2�i�r�2�2�M �K���;�M�2�i�B�+���H�H�v�@�b�?�B�2�H�/�2�/ �i�?�`�m�b�i�2�`�b �H�B�F�2 �i�?�2
�>�N ���M�/ �m�M�b�?�B�2�H�/�2�/ �i�?�`�m�b�i�2�`�b �H�B�F�2 �i�?�2 �a�S�h�@�R�y�y�X �A�M �b�?�B�2�H�/�2�/
�i�?�`�m�b�i�2�`�b�- �r�2 ���b�b�m�K�2 �i�?�2 �r���H�H �i�2�K�T�2�`���i�m�`�2 �2�[�m���H�b �i�?�2 ���M�@
�Q�/�2 �i�2�K�T�2�`���i�m�`�2 ���M�/ �r�2 �/�B�b���#�H�2 �B�Q�M �r���H�H �H�Q�b�b�2�b�- �r�?�B�H�2
�B�M �m�M�b�?�B�2�H�/�2�/ �i�?�`�m�b�i�2�`�b�- �i�?�2 �r���H�H �i�2�K�T�2�`���i�m�`�2 �2�[�m���H�b �i�?�2
�+�?���M�M�2�H ���p�2�`���;�2 �i�2�K�T�2�`���i�m�`�2 ���M�/ �B�Q�M �r���H�H �H�Q�b�b�2�b ���`�2 ���+�@
�+�Q�m�M�i�2�/ �7�Q�`�X

���H�H �b�B�K�m�H���i�B�Q�M�b �B�M �i�?�B�b �r�Q�`�F �m�b�2 �� �m�M�B�7�Q�`�K �;�`�B�/ �Q�7 �R�y�y
�+�2�H�H�b ���M�/ �� �/�Q�K���B�M �H�2�M�;�i�? �Q�7 �i�?�`�2�2 �i�?�`�m�b�i�2�` �+�?���M�M�2�H �H�2�M�;�i�?�b�X
�6�Q�` �i�?�2 �a�S�h�@�R�y�y �Q�T�2�`���i�B�M�; ���i �j�y�y �o ���M�/ �8�X�y �K�;�f�b�- �/�Q�m�@
�#�H�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �+�2�H�H�b �Q�` �i�?�2 �/�Q�K���B�M �H�2�M�;�i�? �+�?���M�;�2�b
�i�?�2 �/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i �#�v �H�2�b�b �i�?���M �y�X�R �� ���M�/ �i�?�2 �i�?�`�m�b�i
�#�v �H�2�b�b �i�?���M �8 �K�L�- �r�B�i�? �i�?�2 �T�`�2�+�B�b�2 ���M�/ �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2
�+�?���M�;�2 �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �b�T�2�+�B�}�+ �b�B�K�m�H���i�B�Q�M �T���`���K�2�i�2�`�b
�m�b�2�/�X �q�2 �b�B�K�m�H���i�2 �Q�M�2 �K�B�H�H�B�b�2�+�Q�M�/ �Q�7 �i�?�`�m�b�i�2�` �Q�T�2�`���i�B�Q�M



�8

�6�A�:�X �k�, �L�Q�i�B�Q�M���H �T�H�Q�i �Q�7 �i�?�2 ���M�Q�K���H�Q�m�b �2�H�2�+�i�`�Q�M
�i�`���M�b�T�Q�`�i �K�Q�/�2�H �m�b�2�/ �B�M �i�?�B�b �r�Q�`�F�- �B�H�H�m�b�i�`���i�B�M�; �i�?�2

�T���`���K�2�i�2�`�b �B�M �1�[�X�U�j�V���M�/ �i�?�2 �T�`�2�b�b�m�`�2 �b�?�B�7�i �7�`�Q�K �1�[�U�9�V�X

���M�/ ���p�2�`���;�2 ���H�H �Z�Q�A�b �Q�p�2�` �i�?�2 �H���b�i �8�y�y �K�B�+�`�Q�b�2�+�Q�M�/�b �Q�7 �i�?�2
�b�B�K�m�H���i�B�Q�M�X �6�Q�` �#�`�2���i�?�B�M�; �K�Q�/�2 �7�`�2�[�m�2�M�+�B�2�b ���#�Q�p�2 �R�y �F�>�x�-
�i�?�B�b �i�B�K�2 �B�b �b�m�{�+�B�2�M�i �i�Q ���H�H�Q�r �i�?�2 �/�B�b�+�?���`�;�2 �i�Q �+�Q�M�p�2�`�;�2
�i�Q �� �b�i���i�B�Q�M���`�v �Q�b�+�B�H�H���i�B�Q�M �Q�` �b�i�2���/�v �b�i���i�2 ���7�i�2�` ���M �B�M�B�i�B���H
�i�`���M�b�B�2�M�i�X �q�B�i�? �i�?�2�b�2 �b�2�i�i�B�M�;�b�- �� �b�B�M�;�H�2 �>���H�H�h�?�`�m�b�i�2�`�X�D�H
�b�B�K�m�H���i�B�Q�M �i���F�2�b ���#�Q�m�i �b�B�t �b�2�+�Q�M�/�b �Q�M �� �b�B�M�;�H�2 �+�Q�`�2 �Q�7 ���M
�A�M�i�2�H �s�2�Q�M �:�Q�H�/ �e�R�8�9 �*�S�l �U�i�?�2 �2�t���+�i �i�B�K�2 �p���`�B�2�b �T�2�`�@�`�m�M
�/�m�2 �i�Q ���/���T�i�B�p�2 �i�B�K�2�@�b�i�2�T�T�B�M�;�V�X

�h�Q �b�m�K�K���`�B�x�2�- �i�?�2 �+�?���M�;�2�b �i�Q �i�?�2 �i�?�`�m�b�i�2�` �K�Q�/�2�H �7�`�Q�K
�Q�m�` �T�`�2�p�B�Q�m�b �r�Q�`�F ���`�2 �i�?���i �i�?�2 ���M�Q�K���H�Q�m�b �i�`���M�b�T�Q�`�i ���M�/
�T�`�2�b�b�m�`�2 �b�?�B�7�i �K�Q�/�2�H�b ���`�2 �K�Q�`�2 �2�t�T�`�2�b�b�B�p�2�- ���M�/ �r�2 �?���p�2
�B�M�+�H�m�/�2�/ ���/�/�B�i�B�Q�M���H �r���H�H �H�Q�b�b ���M�/ �M�2�m�i�`���H �B�M�;�2�b�i�B�Q�M �T���`���K�@
�2�i�2�`�b�X �A�M �T�`�B�M�+�B�T�H�2�- �i�?�2�b�2 �+�?���M�;�2�b �b�?�Q�m�H�/ ���H�H�Q�r �i�?�2 �K�Q�/�2�H
�i�Q �#�2�i�i�2�` �+���T�i�m�`�2 �Q�#�b�2�`�p�2�/ �i�`�2�M�/�b �B�M �7���+�B�H�B�i�v �2�z�2�+�i�b ���M�/ �i�Q
�#�2�i�i�2�` �;�2�M�2�`���H�B�x�2 �Q�p�2�` �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X ���/�/�B�i�B�Q�M���H�H�v�-
�� �+�Q�K�#�B�M���i�B�Q�M �Q�7 �B�M�i�2�`�M���H �+�Q�/�2 �Q�T�i�B�K�B�x���i�B�Q�M�b ���M�/ �+�Q���`�b�@
�2�M�2�/ �;�`�B�/ �`�2�b�Q�H�m�i�B�Q�M �?���b �`�2�/�m�+�2�/ �i�?�2 �`�m�M�i�B�K�2 �#�v �M�2���`�H�v
�� �7���+�i�Q�` �Q�7 �i�2�M�- �K���F�B�M�; �B�i �T�`���+�i�B�+���H �i�Q �T�2�`�7�Q�`�K �"���v�2�b�B���M
�B�M�7�2�`�2�M�+�2 �/�B�`�2�+�i�H�v �Q�M �i�?�2 �K�Q�/�2�H �r�B�i�?�Q�m�i �� �b�m�`�`�Q�;���i�2�X �h�Q
���b�b�2�b�b �i�?�2 �B�K�T���+�i �Q�7 �i�?�2 �K�Q�/�2�H�B�M�; �+�?���M�;�2�b �7�`�Q�K �i�?�2 �B�M�7�2�`�@
�2�M�+�2 �+�?���M�;�2�b�- �r�2 �`�2�T�Q�`�i �B�M ���T�T�2�M�/�B�t �" �`�2�b�m�H�i�b �Q�#�i���B�M�2�/
�#�v �+���H�B�#�`���i�B�M�; �i�?�2 �K�Q�/�2�H �Q�7 �Q�m�` �T�`�2�p�B�Q�m�b �r�Q�`�F �m�b�B�M�; �i�?�2
�B�M�7�2�`�2�M�+�2 �T�`�Q�+�2�/�m�`�2 �Q�7 �i�?�2 �T�`�2�b�2�M�i �r�Q�`�F�X

�j�X �S�H�m�K�2 �K�Q�/�2�H

�q�2 �2�K�T�H�Q�v �i�?�2 �b�2�K�B�@�2�K�T�B�`�B�+���H �T�H�m�K�2 �2�t�T���M�b�B�Q�M �K�Q�/�2�H
�m�b�2�/ �B�M �_�2�7�b�X�R�y���M�/�R�j�X �h�?�B�b �K�Q�/�2�H �i�`�2���i�b �i�?�2 �B�Q�M �+�m�`�@
�`�2�M�i �/�2�M�b�B�i�v �B�M �i�?�2 �T�H�m�K�2 �Uj �B�Q�M�V ���b �+�Q�K�T�Q�b�2�/ �Q�7 �i�?�`�2�2
�T�Q�T�m�H���i�B�Q�M�b���K���B�M �#�2���K �B�Q�M�b�- �B�Q�M�b �b�+���i�i�2�`�2�/ �#�v �B�M�2�H���b�i�B�+
�+�Q�H�H�B�b�B�Q�M�b�- ���M�/ �b�H�Q�r �B�Q�M�b �T�`�Q�/�m�+�2�/ �#�v �+�?���`�;�2�@�2�t�+�?���M�;�2

�+�Q�H�H�B�b�B�Q�M�b �r�B�i�? �M�2�m�i�`���H�b�,

j �B�Q�M= j �#�2���K+ j �b�+���i�i�2�+̀ j �+�2�t: �U�8�V

�h�?�2 �}�`�b�i �i�r�Q �T�Q�T�m�H���i�B�Q�M�b �7�Q�H�H�Q�r �:���m�b�b�B���M ���M�;�m�H���` �/�B�b�i�`�B�@
�#�m�i�B�Q�M�b �r�B�i�? �+�?���`���+�i�2�`�B�b�i�B�+ �/�B�p�2�`�;�2�M�+�2 ���M�;�H�2�b�- �r�?�B�H�2 �i�?�2
�H���b�i �2�t�T���M�/�b �m�M�B�7�Q�`�K�H�v �B�M �� �?�2�K�B�b�T�?�2�`�2�X �h�?�2 �+�m�`�`�2�M�i
�/�2�M�b�B�i�v �Q�7 �2���+�? �T�Q�T�m�H���i�B�Q�M �/�2�+���v�b �T�`�Q�T�Q�`�i�B�Q�M���H�H�v �i�Q �i�?�2
�B�M�p�2�`�b�2 �b�[�m���`�2 �Q�7 �i�?�2 �/�B�b�i���M�+�2 �7�`�Q�K �i�?�2 �i�?�`�m�b�i�2�` �2�t�B�i �T�H���M�2�X

�:�B�p�2�M �i�?�2 �+�m�`�`�2�M�i �/�2�M�b�B�i�vj �B�Q�M(r; � ) ���b �� �7�m�M�+�i�B�Q�M �Q�7
�/�B�b�i���M�+�2r �7�`�Q�K �i�?�2 �i�?�`�m�b�i�2�` �2�t�B�i �T�H���M�2 ���M�/ ���M�;�H�2� �7�`�Q�K
�i�?�`�m�b�i�2�` �+�2�M�i�2�`�H�B�M�2�- �r�2 �+�Q�K�T�m�i�2 �i�?�2 �#�2���K �/�B�p�2�`�;�2�M�+�2
���M�;�H�2� d �7�`�Q�K �i�?�2 �`���i�B�Q �Q�7 �i�?�2 ���t�B���H ���M�/ �i�Q�i���H �B�Q�M �#�2���K
�+�m�`�`�2�M�i�b�,�R�3

� d =
I B;z

I B
=

2�r 2
R�= 2

0 j �B�Q�M(r; � ) cos(� ) sin(� )�/�
R�= 2

0 j �B�Q�M(r; � ) cos(� )�/�
: �U�e�V

�>�2�`�2�-� = 0 �B�M�/�B�+���i�2�b �i�?�2 �i�?�`�m�b�i�2�` �+�2�M�i�2�`�H�B�M�2�X �q�2 �i�?�2�M
�ó�+�Q�`�`�2�+�i�ô �i�?�2 �i�?�`�m�b�i �7�`�Q�K �i�?�2 �i�?�`�m�b�i�2�` �K�Q�/�2�H �UT ! Tc�V
���+�+�Q�`�/�B�M�; �i�Q

Tc = T cos(� d); �U�d�V

�r�?�B�+�? ���+�+�Q�m�M�i�b �7�Q�` �i�?�2 �H�Q�b�b �B�M ���t�B���H�H�v�@�/�B�`�2�+�i�2�/ �i�?�`�m�b�i �/�m�2
�i�Q �#�2���K �/�B�p�2�`�;�2�M�+�2�X �h�?�B�b �/�B�z�2�`�b �7�`�Q�K �Q�m�` �T�`�2�p�B�Q�m�b �r�Q�`�F�-�R�y

�B�M �r�?�B�+�? �r�2 �m�b�2�/ �i�?�2 �ó�m�M�+�Q�`�`�2�+�i�2�/�ô �i�?�`�m�b�i �/�B�`�2�+�i�H�v ���M�/
�+�Q�M�b�2�[�m�2�M�i�H�v �Q�p�2�`�@�T�`�2�/�B�+�i�2�/ �i�?�2 �i�`�m�2 �K�2���b�m�`�2�/ �i�?�`�m�b�i�X

�"�X �1�t�T�2�`�B�K�2�M�i���H �/���i��

�q�2 �b�i�m�/�v �i�r�Q �i�?�`�m�b�i�2�`�b �B�M �i�?�B�b �T���T�2�` �� �i�?�2 �a�S�h�@�R�y�y
���M�/ �i�?�2 �>�N�X �h�?�2 �a�S�h�@�R�y�y�- �b�?�Q�r�M �B�M �6�B�;�X �j���- �B�b �� �r�B�/�2�H�v�@
�i�2�b�i�2�/ �R�X�8 �F�q�@�+�H���b�b �>���H�H �i�?�`�m�b�i�2�` �/�2�p�2�H�Q�T�2�/ �#�v �6���F�2�H �B�M
�_�m�b�b�B���X�R�e�.�m�2 �i�Q �B�i�b ���;�2 ���M�/ �i�?�2 ���p���B�H���#�B�H�B�i�v �Q�7 �B�i�b �;�2�@
�Q�K�2�i�`�v ���M�/ �K���;�M�2�i�B�+ �}�2�H�/ �+�Q�M�}�;�m�`���i�B�Q�M�- �B�i �B�b �Q�7�i�2�M �m�b�2�/
�7�Q�` �K�Q�/�2�H �/�2�p�2�H�Q�T�K�2�M�i ���+�i�B�p�B�i�B�2�b�X �h�?�2 �>�N �U�6�B�;�X �j�#�V �B�b
�� �K���;�M�2�i�B�+���H�H�v�@�b�?�B�2�H�/�2�/ �N �F�q�@�+�H���b�b �>���H�H �i�?�`�m�b�i�2�` �/�2�p�2�H�@
�Q�T�2�/ �B�M �+�Q�H�H���#�Q�`���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �l�M�B�p�2�`�b�B�i�v �Q�7 �J�B�+�?�B�;���M
�U�l�J�V�- �i�?�2 ���B�` �6�Q�`�+�2 �_�2�b�2���`�+�? �G���#�Q�`���i�Q�`�v ���M�/ �i�?�2 �C�2�i
�S�`�Q�T�m�H�b�B�Q�M �G���#�Q�`���i�Q�`�v�X�R�N

�q�2 �b�m�K�K���`�B�x�2 �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �/���i���b�2�i�b �m�b�2�/ �B�M �i�?�B�b
�b�i�m�/�v �7�Q�` �#�Q�i�? �i�?�`�m�b�i�2�`�b �B�M �h���#�X �A�A�A�- �B�M�+�H�m�/�B�M�; �i�?�2 �K�2���@
�b�m�`�2�K�2�M�i �Z�Q�A�b�- �i�?�2 �M�m�K�#�2�` �Q�7 �m�M�B�[�m�2 �Q�T�2�`���i�B�M�; �+�Q�M�/�B�@
�i�B�Q�M�b �U�b�2�i�b �Q�7Vd; PB ; _ma �V �B�M �2���+�? �/���i���b�2�i�- ���M�/ �i�?�2 �Q�`�B�;�B�M���H
�b�Q�m�`�+�2�b �Q�7 �i�?�2 �/���i���X �.���i���b�2�i�b �+���i�2�;�Q�`�B�x�2�/ ���b �ó�i�`���B�M�B�M�;�ô ���`�2
�m�b�2�/ �B�M �i�?�2 �+���H�B�#�`���i�B�Q�M �T�`�Q�+�2�/�m�`�2 �i�Q �i�m�M�2 �i�?�2 �K�Q�/�2�H �T���@
�`���K�2�i�2�`�b�X �q�2 ���/�/�B�i�B�Q�M���H�H�v �B�M�+�H�m�/�2 �ó�i�2�b�i�ô �/���i���b�2�i�b �r�?�B�+�?
���`�2 �M�Q�i �b�2�2�M �/�m�`�B�M�; �i�`���B�M�B�M�; ���M�/ �m�b�2 �i�?�2�b�2 �i�Q ���b�b�2�b�b �?�Q�r
�r�2�H�H �i�?�2 �K�Q�/�2�H �;�2�M�2�`���H�B�x�2�b �#�2�v�Q�M�/ �i�?�2 �i�`���B�M�B�M�; �/���i���X �h�?�2
�a�S�h�@�R�y�y �/���i���b�2�i�b�R�8�-�R�e�-�k�y�r�2�`�2 ���H�H �Q�#�i���B�M�2�/ �m�b�B�M�; �t�2�M�Q�M
�T�`�Q�T�2�H�H���M�i�- ���M�/ ���H�H �>�N �/���i���b�2�i�b �m�b�2�/ �F�`�v�T�i�Q�M�X�k�R�-�k�k

�h�?�2 �a�S�h�@�R�y�y �/���i���b�2�i�b �7�`�Q�K �_�2�7�X�k�y�B�M�+�H�m�/�2 �T�2�`�7�Q�`�@
�K���M�+�2 �K�2���b�m�`�2�K�2�M�i�b �U�B�X�2�X�- �+�Q�m�T�H�B�M�; �p�Q�H�i���;�2�- �i�?�`�m�b�i�- ���M�/
�/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i�V ���M�/ ���M�;�m�H���`�H�v�@�`�2�b�Q�H�p�2�/ �K�2���b�m�`�2�K�2�M�i�b
�Q�7 �i�?�2 �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v �B�M �i�?�2 �T�H�m�K�2 ���i �� �`���/�B�m�b �Q�7
�Q�M�2 �K�2�i�2�` �7�`�Q�K �i�?�2 �i�?�`�m�b�i�2�` �2�t�B�i �T�H���M�2�- �+�Q�K�T�`�B�b�B�M�; �}�7�i�2�2�M
�i�Q�i���H �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b ���+�`�Q�b�b �i�r�Q �7���+�B�H�B�i�B�2�b �U�G�j�@�>���`�`�B�b



�e

�U���V �U�#�V

�6�A�:�X �j�, �U���V �h�?�2 �a�S�h�@�R�y�y �>���H�H �i�?�`�m�b�i�2�`�X �U�#�V �h�?�2 �>�N �>���H�H �i�?�`�m�b�i�2�` �Q�T�2�`���i�B�M�; �Q�M �F�`�v�T�i�Q�M �B�M �i�?�2 �G���`�;�2 �o���+�m�m�K �h�2�b�i
�6���+�B�H�B�i�v ���i �i�?�2 �l�M�B�p�2�`�b�B�i�v �Q�7 �J�B�+�?�B�;���M�X

�h���"�G�1 �A�A�A�, �a�m�K�K���`�v �Q�7 �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �i�`���B�M�B�M�; ���M�/ �i�2�b�i �/���i���b�2�i�b �7�Q�` �i�?�2 �a�S�h�@�R�y�y ���M�/ �>�N �i�?�`�m�b�i�2�`�b �B�M �i�?�B�b �b�i�m�/�v�X
�h�?�2 �K�2���b�m�`�2�K�2�M�i �[�m���M�i�B�i�B�2�b �Q�7 �B�M�i�2�`�2�b�i �U�Z�Q�A�b�V ���`�2 �H�B�b�i�2�/ ���H�Q�M�; �r�B�i�? �i�?�2 �M�m�K�#�2�` �Q�7 �m�M�B�[�m�2 �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b �U�b�2�i�b �Q�7

Vd; PB ; _ma �V �7�Q�` �2���+�? �/���i���b�2�i�X �S�`�2�b�b�m�`�2�b �K�2���b�m�`�2�/ �B�M �h�Q�`�` ���`�2 �+�Q�`�`�2�+�i�2�/ �7�Q�` �i�?�2 �;���b �m�b�2�/ �B�M �i�?�2 �`�2�b�T�2�+�i�B�p�2 �/���i���b�2�i�X

�h�?�`�m�b�i�2�` �:���b �a�m�K�K���`�v �_�2�7�X �Z�Q�A�b �*�Q�M�/�B�i�B�Q�M�b �S�`�2�b�b�m�`�2 �(�’Torr �) �*���i�2�;�Q�`�v

�a�S�h�@�R�y�y �s�2 �.�B���K���M�i �2�i ���H�X �k�y�R�9�- �G�j �k�yVcc �-I D �-Tc �-j ion �3 �R�X�e�d���8�8�X�R �h�`���B�M�B�M�;
�a�S�h�@�R�y�y �s�2 �.�B���K���M�i �2�i ���H�X �k�y�R�9�- ���2�`�Q�b�T���+�2 �k�yVcc �-I D �-Tc �d �j�X�9�8���d�j�X�d �h�`���B�M�B�M�;
�a�S�h�@�R�y�y �s�2 �J���+�/�Q�M���H�/�@�h�2�M�2�M�#���m�K �2�i ���H�X �k�y�R�N �R�8I D �-uion �j �R�8�X�y���8�y�X�y �h�`���B�M�B�M�;
�a�S�h�@�R�y�y �s�2 �a���M�F�Q�p�B�+ �2�i ���H�X �R�N�N�j �R�eI D �-Tc �R�R�N �k�X�9�3���8�8�X�y �h�2�b�i
�a�S�h�@�R�y�y �s�2 �J���M�x�2�H�H�� �2�i ���H�X �k�y�y�R �jI D �-Tc �k �y�X�y�k���k�X�y�y �h�2�b�i

�>�N �E�` �l�J �k�y�k�9�- �S�H�m�K�2 �k�kVcc �-I D �-j ion �j �9�X�9�3���9�j�X�9 �h�`���B�M�B�M�;
�>�N �E�` �l�J �k�y�k�9�- �o�2�H�Q�+�B�i�v �k�RI D �-uion �8 �9�X�j�j���j�y�X�y �h�`���B�M�B�M�;
�>�N �E�` �:�h �k�y�k�9 �k�j I D �-Tc �-j ion �j �3�X�d�y���k�k�X�R �h�2�b�i

�L�Q�K�2�M�+�H���i�m�`�2 �7�Q�` �i�?�2 �Z�Q�A�b �B�b �T�`�Q�p�B�/�2�/ �B�M �h���#�X �A�A�X

���M�/ ���2�`�Q�b�T���+�2 �*�Q�`�T�Q�`���i�B�Q�M�V�X �h�?�2 ���/�/�B�i�B�Q�M���H �i�`���B�M�B�M�;
�/���i���b�2�i �7�`�Q�K �_�2�7�X�R�8�B�M�+�H�m�/�2�b �i�?�2 �/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i ���M�/
�b�T���i�B���H�H�v�@�`�2�b�Q�H�p�2�/ ���t�B���H �B�Q�M �p�2�H�Q�+�B�i�v ���i �i�?�`�2�2 �+�Q�M�/�B�i�B�Q�M�b�X
�h�?�2 �i�2�b�i �/���i���b�2�i �7�`�Q�K �_�2�7�X�R�e�- �B�M�+�H�m�/�2�b �;�H�Q�#���H �T�2�`�7�Q�`�K���M�+�2
�K�2�i�`�B�+�b �U�i�?�`�m�b�i ���M�/ �/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i�V ���i �� �/�B�p�2�`�b�2 �`���M�;�2
�Q�7 �~�Q�r �`���i�2�b ���M�/ �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�b�X �6�B�M���H�H�v�- �i�?�2 �a�S�h�@
�R�y�y �i�2�b�i �/���i���b�2�i �7�`�Q�K �_�2�7�X�j �+�Q�M�i���B�M�b �K�2���b�m�`�2�K�2�M�i�b �7�`�Q�K
�i�r�Q �_�m�b�b�B���M �1�t�T�`�2�b�b�@�� �b���i�2�H�H�B�i�2�b�- �#�Q�i�? �Q�M �i�?�2 �;�`�Q�m�M�/
���M�/ �Q�M�@�Q�`�#�B�i�X �h�?�2 �i�?�`�m�b�i�2�` �`���M ���i �j�y�y �o �Q�M �i�?�2 �;�`�Q�m�M�/
���M�/ �j�R�y �o �Q�M �Q�`�#�B�i�X �h�?�2 �K���b�b �~�Q�r �`���i�2 �7�Q�` �i�?�2 �Q�M�@�Q�`�#�B�i
�/���i�� �r���b �M�Q�i �K�2���b�m�`�2�/ ���M�/ �r���b �B�M�b�i�2���/ �2�b�i�B�K���i�2�/ �#�v
�i�?�2 ���m�i�?�Q�`�b �#���b�2�/ �Q�M �T�`�2�p�B�Q�m�b �a�S�h�@�R�y�y �2�t�T�2�`�B�K�2�M�i�b�X �q�2
�/�2�b�+�`�B�#�2 �i�?�B�b �/���i���b�2�i �B�M �K�Q�`�2 �/�2�i���B�H �B�M ���T�T�2�M�/�B�t ���X

�h�?�2 �>�N �/���i�� �B�M �h���#�X �A�A�A �Q�`�B�;�B�M���i�2�b �7�`�Q�K �� �k�y�k�9 �i�2�b�i �+���K�@
�T���B�;�M �i�Q �+�Q�K�T���`�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �b���K�2 �i�?�`�m�b�i�2�` ���i

�i�r�Q �/�B�z�2�`�2�M�i �i�2�b�i �7���+�B�H�B�i�B�2�b�- �M���K�2�H�v �o���+�m�m�K �h�2�b�i �6���+�B�H�B�i�v
�k ���i �i�?�2 �:�2�Q�`�;�B�� �A�M�b�i�B�i�m�i�2 �Q�7 �h�2�+�?�M�Q�H�Q�;�v �U�:�h�V ���M�/ �i�?�2
�G���`�;�2 �o���+�m�m�K �h�2�b�i �6���+�B�H�B�i�v ���i �i�?�2 �l�M�B�p�2�`�b�B�i�v �Q�7 �J�B�+�?�B�;���M�X
�h�?�2 �l�J �/���i���k�R�b�T���M�b �2�B�;�?�i �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�b�, �}�p�2
�Q�7 �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b �U�i�?�2 �ó�p�2�H�Q�+�B�i�v�ô �/���i���b�2�i �B�M �h���#�X �A�A�A�V
�B�M�+�H�m�/�2 �H���b�2�`�@�B�M�/�m�+�2�/ �~�m�Q�`�2�b�+�2�M�+�2 �K�2���b�m�`�2�K�2�M�i�b �Q�7 �B�Q�M
�p�2�H�Q�+�B�i�v�k�R���M�/ �i�?�`�2�2 �U�i�?�2 �ó�T�H�m�K�2�ô �/���i���b�2�i�V �+�Q�M�i���B�M �#�Q�i�?
�+���i�?�Q�/�2 �+�Q�m�T�H�B�M�; �p�Q�H�i���;�2 ���M�/ �T�H�m�K�2 �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v
�K�2���b�m�`�2�K�2�M�i�b ���i �`���/�B�B �Q�7 �R�X�R�e �K�- �R�X�j�k �K�- �R�X�j�k �K�- ���M�/
�R�X�e�9 �K�X�k�k �h�?�2 �:�h �/���i���k�j �+�Q�M�i���B�M�b �i�?�`�2�2 �Q�T�2�`���i�B�M�; �+�Q�M�/�B�@
�i�B�Q�M�b�- ���;���B�M �/�B�z�2�`�B�M�; �K���B�M�H�v �B�M �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�- ���M�/
�B�M�+�H�m�/�2�b �i�?�`�m�b�i�- �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v �K�2���b�m�`�2�K�2�M�i�b ���i ��
�/�B�b�i���M�+�2 �Q�7 �Q�M�2 �K�2�i�2�`�- ���M�/ �/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i�X �6�Q�` ���H�H �>�N
�/���i���b�2�i�b�- �i�?�2 �i�?�`�m�b�i�2�` �Q�T�2�`���i�2�/ ���i �� �M�Q�K�B�M���H �/�B�b�+�?���`�;�2
�+�m�`�`�2�M�i �Q�7 �R�8 �� ���M�/ �� �/�B�b�+�?���`�;�2 �p�Q�H�i���;�2 �Q�7 �j�y�y �o�X



�d

�*�X �*���H�B�#�`���i�B�Q�M �T�`�Q�+�2�/�m�`�2

�q�2 �+���H�B�#�`���i�2 �i�?�2 �2�T�B�b�i�2�K�B�+ �K�Q�/�2�H �T���`���K�2�i�2�`�b� ���;���B�M�b�i
�2�t�T�2�`�B�K�2�M�i���H �/���i�� �m�b�B�M�; �J���`�F�Q�p �*�?���B�M �J�Q�M�i�2 �*���`�H�Q
�U�J�*�J�*�V �i�Q �;�2�M�2�`���i�2 �b���K�T�H�2�b �Q�7 �i�?�2 �2�T�B�b�i�2�K�B�+ �T���`���K�@
�2�i�2�`�b ���+�+�Q�`�/�B�M�; �i�Q �i�?�2�B�` �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�X �h�?�B�b �B�b
�;�B�p�2�M �#�v �"���v�2�b�ö �`�m�H�2�,

p(� j ye) =
1
Z

p(ye j � )p(� );

�r�?�2�`�2ye �B�b �� �p�2�+�i�Q�` �Q�7 ���H�H �2�t�T�2�`�B�K�2�M�i���H �/���i�� ���i ���H�H �Q�T�2�`���i�@
�B�M�; �+�Q�M�/�B�i�B�Q�M�b�-p(� j ye) �B�b �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 ���H�H
�i�?�2 �2�T�B�b�i�2�K�B�+ �T���`���K�2�i�2�`�b �;�B�p�2�M �i�?�2 �/���i���-p(ye j � ) �B�b �i�?�2
�H�B�F�2�H�B�?�Q�Q�/ �Q�7 �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �/���i�� �;�B�p�2�M �i�?�2 �T���`���K�2�i�2�`�b
���M�/ �i�?�2 �K�Q�/�2�H�-p(� ) �B�b �i�?�2 �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�- �`�2�T�`�2�b�2�M�i�B�M�;
�i�?�2 �b�i���i�2 �Q�7 �F�M�Q�r�H�2�/�;�2 ���#�Q�m�i �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b �T�`�B�Q�`
�i�Q �Q�#�b�2�`�p�B�M�; ���M�v �/���i���- ���M�/Z �B�b �� �M�Q�`�K���H�B�x�B�M�; �+�Q�M�b�i���M�i�X

�h�?�2 �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�b �7�Q�` �2���+�? �T���`���K�2�i�2�` ���`�2 �H�B�b�i�2�/
�B�M �h���#�X �A�- �r�?�2�`�2 �r�2 �?���p�2 �m�b�2�/ �m�M�B�M�7�Q�`�K���i�B�p�2 �m�M�B�7�Q�`�K
�/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�p�2�` �i�?�2 �2�t�T�2�+�i�2�/ �`���M�;�2�b �7�Q�` �2���+�? �T���`���K�2�@
�i�2�` ���M�/ �r�2 ���b�b�m�K�2 ���H�H �T���`���K�2�i�2�`�b ���`�2 �B�M�/�2�T�2�M�/�2�M�i�X �6�Q�`
�b�B�K�T�H�B�+�B�i�v�- �r�2 �M�2�;�H�2�+�i �i�?�2 ���H�2���i�Q�`�B�+ �m�M�+�2�`�i���B�M�i�v �B�M �i�?�2 �Q�T�@
�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�bd �/�m�`�B�M�; �+���H�B�#�`���i�B�Q�M�- �B�X�2�X�- �r�2 �+���H�B�#�`���i�2
�i�?�2 �2�T�B�b�i�2�K�B�+ �K�Q�/�2�H �T���`���K�2�i�2�`�b� ���b�b�m�K�B�M�; �i�?�2 �Q�T�2�`���i�B�M�;
�+�Q�M�/�B�i�B�Q�M�b �i���F�2 �Q�M �i�?�2�B�` �K�2���M �p���H�m�2�b �B�M �h���#�X �A�X �h�`�2���i�@
�B�M�; �i�?�2 ���H�2���i�Q�`�B�+ �m�M�+�2�`�i���B�M�i�v �`�Q�#�m�b�i�H�v �/�m�`�B�M�; �+���H�B�#�`���i�B�Q�M
�r�Q�m�H�/ �`�2�[�m�B�`�2 �m�b �K���`�;�B�M���H�B�x�2 �Q�p�2�` �i�?�2 ���H�2���i�Q�`�B�+ �p���`�B���#�H�2�b
���i �2���+�? �J�*�J�* �b���K�T�H�B�M�; �b�i�2�T�X �h�?�B�b �+���M �#�2 �/�Q�M�2�- �7�Q�`
�B�M�b�i���M�+�2�- �m�b�B�M�; �T�b�2�m�/�Q�@�K���`�;�B�M���H �J�*�J�*�-�k�9 �#�m�i �r�Q�m�H�/ �`�2�@
�[�m�B�`�2 �b�2�p�2�`���H �K�Q�/�2�H �2�p���H�m���i�B�Q�M�b �T�2�` �b���K�T�H�2�- �b�B�;�M�B�}�+���M�i�H�v
�B�M�+�`�2���b�B�M�; �i�?�2 �+�Q�b�i �Q�7 �B�M�7�2�`�2�M�+�2�X �q�2 �D�m�b�i�B�7�v �i�?�B�b �+�?�Q�B�+�2
�#�v �M�Q�i�B�M�; �i�?���i �i�?�2 ���H�2���i�Q�`�B�+ �p���`�B���#�H�2�b ���`�2 �/�B�b�i�`�B�#�m�i�2�/ ���+�@
�+�Q�`�/�B�M�; �i�Q �M���`�`�Q�r �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b�- �7�Q�` �r�?�B�+�? ��
�b�B�M�;�H�2 �T�Q�B�M�i �b���K�T�H�2 ���i �i�?�2 �K�2���M �T�`�Q�p�B�/�2�b �� �;�Q�Q�/ �U���H�#�2�B�i
�T�Q�i�2�M�i�B���H�H�v �#�B���b�2�/�V ���T�T�`�Q�t�B�K���i�B�Q�M�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�@
�i�B�Q�M�- �r�2 �/�B�b�+�m�b�b �Q�m�` ���T�T�`�Q���+�? �i�Q �[�m���M�i�B�7�v�B�M�; �i�?�2 �B�K�T���+�i
�Q�7 ���H�2���i�Q�`�B�+ �m�M�+�2�`�i���B�M�i�v �B�M �Q�m�` �T�`�2�/�B�+�i�B�Q�M�b�c �7�Q�` �M�Q�r�- �r�2
�`�2�K���`�F �i�?���i �Q�m�` �K�2�i�?�Q�/ �H�B�F�2�H�v �m�M�/�2�`�2�b�i�B�K���i�2�b �B�i�X

�h�Q �Q�#�i���B�M �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �Q�7 �/���i�� �;�B�p�2�M �i�?�2 �2�T�B�b�i�2�K�B�+
�T���`���K�2�i�2�`�b�- �r�2 ���b�b�m�K�2 �i�?�2 �K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2 �Q�7 �2���+�?
�Q�#�b�2�`�p���i�B�Q�M �Q�7 �2���+�? �[�m���M�i�B�i�v �Q�7 �B�M�i�2�`�2�b�i �B�b �B�M�/�2�T�2�M�/�2�M�i�X
�6�Q�` �2���+�? �Z�Q�A�-nq �`�2�T�`�2�b�2�M�i�b �i�?�2 �M�m�K�#�2�` �Q�7 �Q�T�2�`���i�B�M�;
�+�Q�M�/�B�i�B�Q�M�b �r�?�B�+�? �?���p�2 �/���i�� �7�Q�` �i�?���i �Z�Q�A�- ���M�/mq �B�b �i�?�2
�H�2�M�;�i�? �Q�7 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �Q�7 �i�?���i �Z�Q�A�X �6�Q�` �i�?�2 �+���i�?�Q�/�2
�+�Q�m�T�H�B�M�; �p�Q�H�i���;�2�- �/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i�- ���M�/ �i�?�`�m�b�i�-mq = 1
�b�B�M�+�2 �r�2 �Q�M�H�v �Q�#�b�2�`�p�2 �� �b�B�M�;�H�2 �M�m�K�#�2�`�- �#�m�i �7�Q�` �B�Q�M �p�2�H�Q�+�B�i�v
���M�/ �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�vmq �r�B�H�H �#�2O(10)��O(100) ���b �i�?�2�b�2
�Z�Q�A�b ���`�2 �b�T���i�B���H�H�v�@�`�2�b�Q�H�p�2�/�X �l�M�/�2�` �i�?�B�b �7�Q�`�K�m�H���i�B�Q�M�- �i�?�2
�H�B�F�2�H�B�?�Q�Q�/ �B�b �r�`�B�i�i�2�M ���b

p(ye j � ) =
QY

q=1

p(yeq j � ) =
QY

q=1

n q m qY

j =1

p(y( j )
eq j � );

�r�?�2�`�2y( j )
eq �`�2�T�`�2�b�2�M�i�b �i�?�2j �@�i�? �Q�#�b�2�`�p���i�B�Q�M �Q�7 �i�?�2q�@�i�? �Z�Q�A

���M�/Q = 5 �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �Z�Q�A�b�X �h�?�2 �Q�m�i�2�` �T�`�Q�/�m�+�i ���b�@
�b�m�K�2�b �B�M�/�2�T�2�M�/�2�M�+�2 ���+�`�Q�b�b �[�m���M�i�B�i�B�2�b �Q�7 �B�M�i�2�`�2�b�i�- ���M�/ �i�?�2
�B�M�M�2�` �T�`�Q�/�m�+�i ���b�b�m�K�2�b �B�M�/�2�T�2�M�/�2�M�i �Q�#�b�2�`�p���i�B�Q�M�b �r�B�i�?�B�M

���M�/ ���+�`�Q�b�b ���M �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X �q�2 �M�2�t�i ���b�b�m�K�2
�i�?���i �i�?�2 �2�`�`�Q�` �+���M �#�2 �K�Q�/�2�H�2�/ �m�b�B�M�; ���/�/�B�i�B�p�2 �:���m�b�b�B���M
�M�Q�B�b�2�X �L�2�t�i�- �r�2 �M�2�2�/ �i�Q ���b�b�m�K�2 �b�Q�K�2 �7�Q�`�K �Q�7 �2�`�`�Q�` �K�Q�/�2�H
�#�2�i�r�2�2�M �i�?�2 �Q�#�b�2�`�p�2�/ �K�Q�/�2�H ���M�/ �i�?�2 �T�`�2�/�B�+�i�2�/ �p���H�m�2�X
�a�T�2�+�B�}�+���H�H�v�- �r�2 �K�Q�/�2�H �i�?�2 �T�`�2�/�B�+�i�2�/ �Q�#�b�2�`�p���i�B�Q�M �Q�7 �i�?�2
q�@�i�? �Z�Q�A ���i �i�?�2j �@�i�? �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M ���b

y( j )
eq = f q(� ; d ( j )

eq ) + � q; � q � N (0; � 2
q):

�r�?�2�`�2d ( j )
eq �`�2�T�`�2�b�2�M�i�b �i�?�2 �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b ���b�b�Q�+�B���i�2�/

�r�B�i�? �� �b�T�2�+�B�}�+ �2�t�T�2�`�B�K�2�M�i���H �/���i�� �T�Q�B�M�i�-� q �`�2�T�`�2�b�2�M�i�b ��
�b�i�Q�+�?���b�i�B�+ �K�Q�/�2�H �7�Q�` �i�?�2 �2�`�`�Q�` �#�2�i�r�2�2�M �i�?�2 �K�Q�/�2�H �T�`�2�/�B�+�@
�i�B�Q�M ���M�/ �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�- ���M�/� 2

q �B�b �i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�B�b
�2�`�`�Q�`�- �r�?�B�+�? �K���v �#�2 �+�?�Q�b�2�M �T�2�`�@�Z�Q�A�X �l�M�/�2�` �i�?�B�b �K�Q�/�2�H
�r�2 �?���p�2

p(y( j )
eq j � ) = N

�
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q
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�h�?�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �B�b �i�?�2�M
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QX

q=1

n q m qX
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QX
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eq )
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���b �Q�M�H�v �i�?�2 �b�2�+�Q�M�/ �i�2�`�K �/�2�T�2�M�/�b �Q�M� �- �r�2 �+���M �7�Q�H�/ �i�?�2
�b�m�K�K���i�B�Q�M �Q�p�2�` �i�?�2 �}�`�b�i �i�2�`�K �B�M�i�Q �� �+�Q�M�b�i���M�iC �r�?�B�+�?
�/�`�Q�T�b �Q�m�i �/�m�`�B�M�; �J�*�J�* �b���K�T�H�B�M�; �Q�` �Q�T�i�B�K�B�x���i�B�Q�M�- �;�B�p�B�M�;

logp(ye j � ) = �
1
2

QX

q=1

1
� 2

q

n q m qX

j =1

�
y( j )

eq � f q(� ; d ( j )
eq )

� 2
+ C:

���b �r�`�B�i�i�2�M�- �i�?�B�b �H�B�F�2�H�B�?�Q�Q�/ �Q�p�2�`�@�r�2�B�;�?�i�b �Z�Q�A�b �H�B�F�2 �B�Q�M �p�2�H�Q�+�@
�B�i�v �r�?�B�+�? �?���p�2 �i�2�M�b �Q�7 �T�Q�B�M�i�b �T�2�` �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M ���M�/
�m�M�/�2�`�r�2�B�;�?�i �;�H�Q�#���H �T�`�Q�T�2�`�i�B�2�b �H�B�F�2 �i�?�`�m�b�i�X �h�Q �K�B�i�B�;���i�2
�i�?�B�b�- �r�2 �2�t�T�`�2�b�b �i�?�2 �T�Q�B�M�i�r�B�b�2 �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M� q �B�M
�i�2�`�K�b �Q�7 ���M ���p�2�`���;�2 �`�2�H���i�B�p�2 �2�`�`�Q�` ���+�`�Q�b�b �� �r�?�Q�H�2 �/���i���b�2�i�,

� 2
q = cq
 2

q ;

�r�?�2�`�2
 q �`�2�T�`�2�b�2�M�i�b �� �`�2�H���i�B�p�2 �K�2���b�m�`�2�K�2�M�i �2�`�`�Q�` ���M�/cq
�B�b �� �`�2�7�2�`�2�M�+�2 �K���;�M�B�i�m�/�2�X �q�2 �m�b�2 �i�?�2 �/���i�� �i�Q �b�2�icq �#���b�2�/
�Q�M �i�?�2 �b�[�m���`�2�/L 2 �M�Q�`�K �Q�7 �i�?�2 �p�2�+�i�Q�` �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �Q�7
q�- ���p�2�`���;�2�/ �Q�p�2�` �i�?�2 �M�m�K�#�2�` �Q�7 �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b �B�M
�r�?�B�+�?q �r���b �Q�#�b�2�`�p�2�/�,

� 2
q =

jjy ( j )
eq jj2

nq

 2

q ;

�r�?�2�`�2 �i�?�2jjyeqjj2 =
P m q n q

j (y( j )
eq )2�X �l�b�B�M�; �i�?�B�b �+�?�Q�B�+�2�- �i�?�2

�H�Q�; �H�B�F�2�H�B�?�Q�Q�/ �#�2�+�Q�K�2�b

logp(ye j � ) = �
1
2

QX

q=1

nq


 2
q

jj yeq � f q(� ; deq)jj2

jj yeqjj2 + C: �U�3�V



�3

�h�?�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7
 q=p nq �B�b ���b ���M ���p�2�`���;�2�/ �`�2�H���i�B�p�2
L 2 �M�Q�`�K �Q�7 �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �/���i�� ���M�/ �i�?�2 �K�Q�/�2�H
�Q�m�i�T�m�i �B�M �Z�Q�Aq ���+�`�Q�b�b ���H�H �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X �A�M �i�?�2
�`�2�b�m�H�i�b �i�?���i �7�Q�H�H�Q�r�- �r�2 �+�?�Q�Q�b�2
 q=p nq = 2 :5% �7�Q�` ���H�H �Z�Q�A�b�-
�r�?�B�+�? �B�b �2�[�m���H �i�Q �Q�` �H�Q�r�2�` �i�?���M �i�Q �i�?�2 �2�b�i�B�K���i�2�/ �`�2�H���i�B�p�2
�K�2���b�m�`�2�K�2�M�i �2�`�`�Q�` �7�Q�` ���H�H �[�m���M�i�B�i�B�2�b �2�t�+�2�T�i �i�?�2 �+���i�?�Q�/�2
�+�Q�m�T�H�B�M�; �p�Q�H�i���;�2 ���M�/ �i�?�`�m�b�i �Q�7 �i�?�2 �a�S�h�@�R�y�y�- �7�Q�` �r�?�B�+�? �r�2
�B�M�b�i�2���/ �b�2�i
 q=p nq = 1%�X

�q�B�i�? �i�?�B�b �H�B�F�2�H�B�?�Q�Q�/ �B�M �?���M�/�- �r�2 �2�K�T�H�Q�v �J�*�J�* �U�b�T�2�+�B�7�@
�B�+���H�H�v �i�?�2 �.�2�H���v�2�/ �_�2�D�2�+�i�B�Q�M ���/���T�i�B�p�2 �J�2�i�`�Q�T�Q�H�B�b ���H�;�Q�@
�`�B�i�?�K�k�8�V �i�Q �/�`���r �8�y�-�y�y�y �b���K�T�H�2�b �7�`�Q�K �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�@
�#�m�i�B�Q�M�X �q�2 �/�B�b�+���`�/ �i�?�2 �}�`�b�i �?���H�7 �Q�7 �i�?�2 �/�`���r�M �b���K�T�H�2�b ���b
�#�m�`�M�@�B�M ���M�/ �T�2�`�7�Q�`�K �Q�m�` ���M���H�v�b�B�b �m�b�B�M�; �i�?�2 �b�2�+�Q�M�/ �?���H�7�X
�q�2 �+���H�B�#�`���i�2 �2���+�? �i�?�`�m�b�i�2�` �b�2�T���`���i�2�H�v�- �;�B�p�B�M�; �2���+�? �B�i�b �Q�r�M
�T�Q�b�i�2�`�B�Q�` �T���`���K�2�i�2�` �/�B�b�i�`�B�#�m�i�B�Q�M�X ���b �i�?�B�b �H�B�F�2�H�B�?�Q�Q�/ �/�B�7�@
�7�2�`�b �b�Q�K�2�r�?���i �7�`�Q�K �i�?���i �m�b�2�/ �B�M �Q�m�` �T�`�2�p�B�Q�m�b �T���T�2�`�R�y�r�2
���b�b�2�b�b �i�?�2 �B�K�T���+�i �Q�7 �i�?�B�b �+�?���M�;�2 �B�M�/�2�T�2�M�/�2�M�i �Q�7 �/�B�z�2�`�2�M�+�2�b
�B�M �Q�m�` �K�Q�/�2�H�B�M�; ���b�b�m�K�T�i�B�Q�M�b ���M�/ �T���`���K�2�i�2�`�B�x���i�B�Q�M�b �B�M
���T�T�2�M�/�B�t �"�X �h�?�2�`�2�- �r�2 �`�2�T�2���i �i�?�2 �K���B�M ���M���H�v�b�B�b �Q�7 �i�?�B�b
�r�Q�`�F �m�b�B�M�; �i�?�2 �K�Q�/�2�H �Q�7 �i�?�2 �T�`�2�p�B�Q�m�b �r�Q�`�F �B�M �+�Q�M�+�2�`�i �r�B�i�?
�i�?�2 �M�2�r �H�B�F�2�H�B�?�Q�Q�/�- �r�?�B�+�? �+���M �#�2 �+�Q�K�T���`�2�/ �r�B�i�? �i�?�2 �K���B�M
�`�2�b�m�H�i�b �Q�#�i���B�M�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�X

�.�X �l�M�+�2�`�i���B�M�i�v �[�m���M�i�B�}�+���i�B�Q�M

���7�i�2�` �Q�#�i���B�M�B�M�; �b���K�T�H�2�b �7�`�Q�K �i�?�2 �T�Q�b�i�2�`�B�Q�` �T���`���K�2�i�2�`
�/�B�b�i�`�B�#�m�i�B�Q�M�- �r�2 �i�?�2�M �[�m���M�i�B�7�v �i�?�2 �m�M�+�2�`�i���B�M�i�v �B�M �K�Q�/�2�H
�T�`�2�/�B�+�i�B�Q�M�b �r�?�2�M �+�Q�K�T���`�B�M�; �i�Q �2�t�T�2�`�B�K�2�M�i���H �/���i���X �q�2
�r�B�b�? �i�Q �+�?���`���+�i�2�`�B�x�2 �i�?�2 �B�K�T���+�i �Q�7 �#�Q�i�? �2�T�B�b�i�2�K�B�+ ���M�/
���H�2���i�Q�`�B�+ �m�M�+�2�`�i���B�M�i�v �B�M �Q�m�` �T�`�2�/�B�+�i�B�Q�M�b�, �i�?�2 �2�T�B�b�i�2�K�B�+
�m�M�+�2�`�i���B�M�i�v �B�b �Q�#�i���B�M�2�/ �#�v �T�`�Q�T���;���i�B�M�; �Q�M�H�v �b���K�T�H�2�b �Q�7
�K�Q�/�2�H �T���`���K�2�i�2�`�b� �i�?�`�Q�m�;�? �i�?�2 �K�Q�/�2�H�- ���M�/ �i�Q�i���H �m�M�+�2�`�@
�i���B�M�i�v �U���H�2���i�Q�`�B�+ �Y �2�T�B�b�i�2�K�B�+�V �B�b �Q�#�i���B�M�2�/ �#�v �b���K�T�H�B�M�; �i�?�2
���H�2���i�Q�`�B�+ �m�M�+�2�`�i���B�M�i�B�2�b �B�M �i�?�2 �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�bd�X ���b
�/�B�b�+�m�b�b�2�/ �T�`�2�p�B�Q�m�b�H�v�- �i�?�B�b ���T�T�`�Q���+�? �H�B�F�2�H�v �m�M�/�2�`�2�b�i�B�K���i�2�b
�i�?�2 ���H�2���i�Q�`�B�+ �m�M�+�2�`�i���B�M�i�v �#�m�i �B�K�T�`�Q�p�2�b �Q�m�` �K�2�i�?�Q�/�ö�b �+�Q�K�@
�T�m�i���i�B�Q�M���H �2�{�+�B�2�M�+�v�X �A�M �a�2�+�X �A�o �" �r�2 �/�B�b�+�m�b�b �i�?�2 �2�z�2�+�i�b
�Q�7 �i�?�B�b �+�?�Q�B�+�2 �B�M �7�m�`�i�?�2�` �/�2�i���B�H�X

�*�Q�M�+�`�2�i�2�H�v�- �r�2 ���/�Q�T�i �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�+�2�/�m�`�2�X �6�Q�` �2�T�B�b�@
�i�2�K�B�+ �m�M�+�2�`�i���B�M�i�v�- �r�2 �/�`���rN �b���K�T�H�2�b �7�`�Q�K �i�?�2 �T�Q�b�i�2�`�B�Q�`
�T���`���K�2�i�2�` �/�B�b�i�`�B�#�m�i�B�Q�Mp(� j ye) �Q�#�i���B�M�2�/ �#�v �J�*�J�* �U�r�2
�i���F�2N = 1000 �i�?�`�Q�m�;�?�Q�m�i �Q�m�` ���M���H�v�b�B�b�V�- �F�2�2�T�B�M�; �i�?�2
���H�2���i�Q�`�B�+ �p���`�B���#�H�2�b ���i �i�?�2�B�` �M�Q�K�B�M���H �p���H�m�2�b�X �6�Q�` �i�?�2 �i�Q�@
�i���H �m�M�+�2�`�i���B�M�i�v�- �r�2 �/�`���rN �b���K�T�H�2�b �7�`�Q�K �#�Q�i�?p(� j ye)
���M�/p(d) �U�i�?�2 �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 ���H�2���i�Q�`�B�+ �p���`�B���#�H�2�b�-
���b �;�B�p�2�M �B�M �h���#�X �A�V�X �A�M �#�Q�i�? �+���b�2�b�- �r�2 �i�?�2�M �2�p���H�m���i�2
�i�?�2 �K�Q�/�2�H ���i �2���+�? �B�M�T�m�i �p�2�+�i�Q�`x = ( � ; d) ���M�/ �+�Q�K�T�m�i�2
�b�i���i�B�b�i�B�+�b �U�b�m�+�? ���b �i�?�2 �K�2���M ���M�/ �p���`�B���M�+�2�V �Q�M �i�?�2 �K�Q�/�2�H
�Q�m�i�T�m�i�b�X �l�M�H�2�b�b �Q�i�?�2�`�r�B�b�2 �M�Q�i�2�/�- �r�2 �T�`�2�b�2�M�i �B�M �Q�m�` �`�2�b�m�H�i�b
�i�?�2 �K�2�/�B���M �T�`�2�/�B�+�i�B�Q�M �Q�7 �2���+�? �Z�Q�A ���b �r�2�H�H ���b �� �N�y�W �+�`�2�/�B�@
�#�H�2 �B�M�i�2�`�p���H �Q�7 �T�`�2�/�B�+�i�B�Q�M�b �/�`���r�M �7�`�Q�K �#�Q�i�? �/�B�b�i�`�B�#�m�i�B�Q�M�b�X
�h�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �2�T�B�b�i�2�K�B�+ �m�M�+�2�`�i���B�M�i�v �#���M�/�b
���M�/ �i�?�2 �i�Q�i���H �m�M�+�2�`�i���B�M�i�v �#���M�/�b �;�B�p�2�b ���M �2�b�i�B�K���i�2 �Q�7 �i�?�2
���H�2���i�Q�`�B�+ �m�M�+�2�`�i���B�M�i�v �+�Q�K�T���`�2�/ �i�Q �2�T�B�b�i�2�K�B�+ �m�M�+�2�`�i���B�M�i�v�X

�A�A�A�X �_�1�a�l�G�h�a

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �}�`�b�i �2�t���K�B�M�2 �i�?�2 �T�Q�b�i�2�`�B�Q�` �T���`���K�@
�2�i�2�` �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�#�i���B�M�2�/ �#�v �i�?�2 �"���v�2�b�B���M �+���H�B�#�`���i�B�Q�M
�T�`�Q�+�2�/�m�`�2 �#�2�7�Q�`�2 �b�?�Q�r�B�M�; �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�M �i�`���B�M�B�M�;
�/���i���b�2�i�b�X �q�2 �i�?�2�M �p���H�B�/���i�2 �i�?�2 �K�Q�/�2�H�ö�b �;�2�M�2�`���H�B�x���i�B�Q�M �Q�M
�i�?�2 �B�M�/�2�T�2�M�/�2�M�i �i�2�b�i �/���i���b�2�i�b ���M�/ ���i�i�2�K�T�i �� �T�`�2�H�B�K�B�M���`�v
�2�t�i�`���T�Q�H���i�B�Q�M �Q�7 �i�?�2 �a�S�h�@�R�y�y �/���i�� �i�Q �Q�`�#�B�i�X �L�2�t�i�- �r�2
���M���H�v�x�2 �i�?�2 ���M�Q�K���H�Q�m�b �i�`���M�b�T�Q�`�i �+�m�`�p�2�b �B�M�7�2�`�`�2�/ �#�v �i�?�2
�K�Q�/�2�H ���M�/ �+�Q�M�+�H�m�/�2 �#�v ���b�b�2�b�b�B�M�; �i�?�2 �b�2�M�b�B�i�B�p�B�i�v �Q�7 �i�?�2
�K�Q�/�2�H �i�Q �i�?�2 �+���H�B�#�`���i�B�Q�M �T���`���K�2�i�2�`�b�X

���X �*���H�B�#�`���i�B�Q�M

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �T�`�2�b�2�M�i �i�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �"���v�2�b�B���M
�B�M�7�2�`�2�M�+�2 �T�`�Q�+�2�/�m�`�2 �/�2�b�+�`�B�#�2�/ �B�M �a�2�+�X �A�A �*�X �q�2 �H�B�b�i �7�Q�`
�i�?�2 �a�S�h�@�R�y�y ���M�/ �>�N�- �`�2�b�T�2�+�i�B�p�2�H�v �B�M �h���#�b�X �A�o ���M�/ �o�-
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�2�`�`�Q�`�b �`�2�K���B�M �H�Q�r �r�?�B�H�2 �i�?�2 �`�2�H���i�B�p�2 �2�`�`�Q�` �B�M�+�`�2���b�2�b�c �i�?�B�b
�2�z�2�+�i �B�b �K���;�M�B�}�2�/ �p�B�b�m���H�H�v �#�v �i�?�2 �m�b�2 �Q�7 �i�?�2 �H�Q�;���`�B�i�?�K�B�+ �v�@
���t�B�b �b�+���H�2 �B�M �6�B�;�X �3�X �h�?�2 �H�B�F�2�H�B�?�Q�Q�/ �m�b�2�/ �/�m�`�B�M�; �+���H�B�#�`���i�B�Q�M
�B�K�T�H�B�+�B�i�H�v �r�2�B�;�?�i�b �T�Q�B�M�i�b �r�B�i�? �H���`�;�2�` �K���;�M�B�i�m�/�2�b �?�B�;�?�2�`
�i�?���M �i�?�Q�b�2 �r�B�i�? �H�Q�r�2�` �K���;�M�B�i�m�/�2�b�X ���b �p�2�`�v �b�K���H�H �+�m�`�`�2�M�i
�/�2�M�b�B�i�B�2�b ���i �H���`�;�2 ���M�;�H�2�b �/�Q �M�Q�i �+�Q�M�i�`�B�#�m�i�2 �K�m�+�? �i�Q �i�?�2
�/�B�p�2�`�;�2�M�+�2 ���M�;�H�2 �B�M�i�2�;�`���H�b �B�M �1�[�X �e�- �i�?�B�b �+�?�Q�B�+�2 �T�`�B�Q�`�B�i�B�x�2�b
�}�i�i�B�M�; �i�?�2 �T���`�i�b �Q�7 �i�?�2 �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v �+�m�`�p�2 �r�B�i�? ��
�/�B�`�2�+�i �B�K�T���+�i �Q�M �i�?�2 �Q�#�b�2�`�p���#�H�2 �Z�Q�A�b�X

�k�X �>�N

�A�M �6�B�;�b�X �N�- �R�y�- ���M�/ �R�R�- �r�2 �b�?�Q�r �i�?�2 �T�`�B�Q�` ���M�/ �T�Q�b�i�2�`�B�Q�`
�T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �+���i�?�Q�/�2 �+�Q�m�T�H�B�M�; �p�Q�H�i���;�2�- �/�B�b�+�?���`�;�2
�+�m�`�`�2�M�i�- ���M�/ �i�?�`�m�b�i �7�`�Q�K �i�?�2 �>�N�X �h�?�2 �K�Q�/�2�H �+���T�i�m�`�2�b �i�?�2
�K�Q�M�Q�i�Q�M�B�+ �i�`�2�M�/ �B�M �+���i�?�Q�/�2 �+�Q�m�T�H�B�M�; �r�B�i�? �T�`�2�b�b�m�`�2�- ���M�/
�?���b �`�2�/�m�+�2�/ �i�?�2 �m�M�+�2�`�i���B�M�i�v �B�M �i�?�2 �/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i �i�Q
�� �M���`�`�Q�r �#���M�/ ���`�Q�m�M�/ �R�8 ���X �A�M �+�Q�M�i�`���b�i �i�Q �i�?�2 �a�S�h�@�R�y�y
�`�2�b�m�H�i�b�- �r�2 �T�`�2�/�B�+�i �� �/�2�+�`�2���b�B�M�; �i�`�2�M�/ �B�M �i�?�`�m�b�i ���i �?�B�;�?
�#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�b�X �q�2 �`�2�i�m�`�M �b�?�Q�`�i�H�v �i�Q �� �/�B�b�+�m�b�b�B�Q�M
�Q�7 �T�Q�b�b�B�#�H�2 �`�2���b�Q�M�b �7�Q�` �i�?�B�b �i�`�2�M�/�X

�A�M �6�B�;�X �R�k�- �r�2 �T�H�Q�i �B�Q�M �p�2�H�Q�+�B�i�v �+�m�`�p�2�b �7�Q�` �i�?�2 �>�N ���i
�i�?�`�2�2 �`�2�T�`�2�b�2�M�i���i�B�p�2 �T�`�2�b�b�m�`�2�b�X �q�2 �Q�#�b�2�`�p�2 �#�Q�i�? �;�Q�Q�/
���;�`�2�2�K�2�M�i �#�2�i�r�2�2�M �i�?�2 �K�Q�/�2�H ���M�/ �/���i�� ���b �r�2�H�H ���b �H�Q�r
�T�`�2�/�B�+�i�B�Q�M �m�M�+�2�`�i���B�M�i�v�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2 �}�M���H �2�t�B�i �p�2�H�Q�+�@
�B�i�v�- �i�?�2 �T�`�2�b�b�m�`�2�@�/�2�T�2�M�/�2�M�i ���+�+�2�H�2�`���i�B�Q�M �`�2�;�B�Q�M �b�?�B�7�i�- ���M�/
�i�?�2 �b�i�2�2�T�M�2�b�b �Q�7 �i�?�2 ���+�+�2�H�2�`���i�B�Q�M �T�`�Q�}�H�2 ���`�2 ���H�H �+���T�i�m�`�2�/
���+�+�m�`���i�2�H�v�X

�h�?�2 �+�m�`�`�2�M�i �/�2�M�b�B�i�v �/���i���b�2�i �7�Q�` �i�?�2 �>�N �B�M�+�H�m�/�2�b �K�2���@
�b�m�`�2�K�2�M�i�b ���i �K�m�H�i�B�T�H�2 �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�b�- �2���+�? �B�M �i�m�`�M
�i���F�2�M ���i �b�2�p�2�`���H �/�B�b�i���M�+�2�b �7�`�Q�K �i�?�2 �i�?�`�m�b�i�2�`�X �6�Q�` �p�B�b�m���H
�+�H���`�B�i�v�- �r�2 �}�`�b�i �b�?�Q�r �`�2�b�m�H�i�b ���i �� �b�B�M�;�H�2 �/�B�b�i���M�+�2 ���M�/ �K�m�H�i�B�@
�T�H�2 �T�`�2�b�b�m�`�2�b�- �7�Q�H�H�Q�r�2�/ �#�v �`�2�b�m�H�i�b ���i �K�m�H�i�B�T�H�2 �/�B�b�i���M�+�2�b ���M�/



�R�R

�U���V �U�#�V �U�+�V

�6�A�:�X �9�, �U���V �S�`�B�Q�`�- �U�#�V �T�Q�b�i�2�`�B�Q�`�- ���M�/ �U�+�V �x�Q�Q�K�2�/�@�B�M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �a�S�h�@�R�y�y�ö�b �+���i�?�Q�/�2 �+�Q�m�T�H�B�M�; �p�Q�H�i���;�2 ���b
�� �7�m�M�+�i�B�Q�M �Q�7 �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�- �+�Q�K�T���`�2�/ �i�Q �/���i�� �7�`�Q�K �_�2�7�X �k�y�X

�U���V �U�#�V �U�+�V

�6�A�:�X �8�, �U���V �S�`�B�Q�`�- �U�#�V �T�Q�b�i�2�`�B�Q�`�- ���M�/ �U�+�V �x�Q�Q�K�2�/�@�B�M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �a�S�h�@�R�y�y�ö�b �/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i ���b ��
�7�m�M�+�i�B�Q�M �Q�7 �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2 �+�Q�K�T���`�2�/ �i�Q �/���i�� �7�`�Q�K �_�2�7�b�X �k�y ���M�/ �R�8�X

�U���V �U�#�V �U�+�V

�6�A�:�X �e�, �U���V �S�`�B�Q�`�- �U�#�V �T�Q�b�i�2�`�B�Q�`�- ���M�/ �U�+�V �x�Q�Q�K�2�/�@�B�M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �a�S�h�@�R�y�y�ö�b �i�?�`�m�b�i ���b �� �7�m�M�+�i�B�Q�M �Q�7
�#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2 �+�Q�K�T���`�2�/ �i�Q �/���i�� �7�`�Q�K �_�2�7�X �k�y�X



�R�k

�U���V �U�#�V

�6�A�:�X �d�, �U���V �J�2�/�B���M �Q�7 �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �a�S�h�@�R�y�y�ö�b ���t�B���H �B�Q�M �p�2�H�Q�+�B�i�v ���i �i�?�`�2�2 �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�b�-
�+�Q�K�T���`�2�/ �i�Q �/���i�� �7�`�Q�K �_�2�7�X �R�8�- �U�#�V �J�2�/�B���M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M ���M�/ �m�M�+�2�`�i���B�M�i�v �B�M �B�Q�M �p�2�H�Q�+�B�i�v ���iPB = 35:0�’Torr �X

�U���V �U�#�V

�6�A�:�X �3�, �U���V �J�2�/�B���M �Q�7 �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �a�S�h�@�R�y�y �T�H�m�K�2 �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M ���ir = 1 m
�+�Q�K�T���`�2�/ �i�Q �/���i�� �7�`�Q�K �_�2�7�X�k�y�X �U�#�V �J�2�/�B���M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M ���M�/ �m�M�+�2�`�i���B�M�i�v �B�M �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v ���ir = 1 m �7�Q�`

�i�?�2PB = 15:80�’Torr �+�Q�M�/�B�i�B�Q�M�X



�R�j

�U���V �U�#�V �U�+�V

�6�A�:�X �N�, �U���V �S�`�B�Q�`�- �U�#�V �T�Q�b�i�2�`�B�Q�`�- ���M�/ �U�+�V �x�Q�Q�K�2�/�@�B�M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �>�N�ö�b �+���i�?�Q�/�2 �+�Q�m�T�H�B�M�; �p�Q�H�i���;�2 ���b ��
�7�m�M�+�i�B�Q�M �Q�7 �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2 �+�Q�K�T���`�2�/ �i�Q �/���i�� �7�`�Q�K �_�2�7 �k�k�X

�U���V �U�#�V �U�+�V

�6�A�:�X �R�y�, �U���V �S�`�B�Q�`�- �U�#�V �T�Q�b�i�2�`�B�Q�`�- ���M�/ �U�+�V �x�Q�Q�K�2�/�@�B�M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �>�N�ö�b �/�B�b�+�?���`�;�2 �+�m�`�`�2�M�i ���b �� �7�m�M�+�i�B�Q�M �Q�7
�#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�- �+�Q�K�T���`�2�/ �i�Q �2�t�T�2�`�B�K�2�M�i���H �/���i�� �7�`�Q�K �_�2�7 �k�k

�U���V �U�#�V �U�+�V

�6�A�:�X �R�R�, �U���V �S�`�B�Q�`�- �U�#�V �T�Q�b�i�2�`�B�Q�`�- ���M�/ �U�+�V �x�Q�Q�K�2�/�@�B�M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �>�N�ö�b �i�?�`�m�b�i ���b �� �7�m�M�+�i�B�Q�M �Q�7
�#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�X



�R�9

�U���V �U�#�V

�6�A�:�X �R�k�, �U���V �J�2�/�B���M �Q�7 �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �>�N�ö�b ���t�B���H �B�Q�M �p�2�H�Q�+�B�i�v ���i �i�?�`�2�2 �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2�b�- �+�Q�K�T���`�2�/ �i�Q
�/���i�� �7�`�Q�K �_�2�7�X �k�R �U�#�V �J�2�/�B���M �T�Q�b�i�2�`�B�Q�` �T�`�2�/�B�+�i�B�Q�M ���M�/ �m�M�+�2�`�i���B�M�i�v �B�M �B�Q�M �p�2�H�Q�+�B�i�v ���i �i�?�2PB = 17:5�’Torr �+�Q�M�/�B�i�B�Q�M�X



�R�8

�� �b�B�M�;�H�2 �T�`�2�b�b�m�`�2�X �6�B�;�X �R�j���- �b�?�Q�r�b �i�?�2 �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v
�+�m�`�p�2�b ���i �/�B�b�i���M�+�2 �Q�7 �R�X�j�k �K�2�i�2�`�b �7�`�Q�K �i�?�2 �i�?�`�m�b�i�2�` ���M�/
�K�m�H�i�B�T�H�2 �T�`�2�b�b�m�`�2�b�X ���b �Q�m�` �+�?�Q�b�2�M �K�Q�/�2�H �7�Q�`�K �`�2�[�m�B�`�2�b
�i�?���i �i�?�2 �B�Q�M �+�m�`�`�2�M�i �/�2�M�b�B�i�v �T�2���F ���i �x�2�`�Q �/�2�;�`�2�2�b ���M�/ �/�2�@
�+���v �K�Q�M�Q�i�Q�M�B�+���H�H�v �r�B�i�? �B�M�+�`�2���b�B�M�; ���M�;�H�2�- �r�2 ���`�2 �m�M���#�H�2 �i�Q
�+���T�i�m�`�2 �i�?�2 �Q�#�b�2�`�p�2�/ �T�2���F �B�M �i�?�2 �/���i�� ���i7 �/�2�;�`�2�2�b �Q�z�@���t�B�b�X
�>�Q�r�2�p�2�`�- �r�2 �b�m�+�+�2�b�b�7�m�H�H�v �`�2�T�`�Q�/�m�+�2 �#�Q�i�? �i�?�2 �K���t�B�K�m�K
�+�m�`�`�2�M�i �/�2�M�b�B�i�v ���M�/ �i�?�2 �i�`�2�M�/�b �r�B�i�? �#���+�F�;�`�Q�m�M�/ �T�`�2�b�b�m�`�2
�7�Q�` ���M�;�H�2�b �m�T �i�Q �9�y �/�2�;�`�2�2�b�X ���b �B�M �i�?�2 �a�S�h�@�R�y�y �/���i���- �i�?�B�b
�/�2�T���`�i�m�`�2 �7�`�Q�K �i�?�2 �/���i�� ���i �H���`�;�2�` ���M�;�H�2�b �B�b �`�2�~�2�+�i�2�/ �B�M
�6�B�;�X �R�j�# ���b �B�M�+�`�2���b�2�/ �`�2�H���i�B�p�2 �m�M�+�2�`�i���B�M�i�v�X �l�M�H�B�F�2 �B�M �i�?�2
�a�S�h�@�R�y�y�- �i�?�2 �/�B�p�2�`�;�2�M�+�2 ���M�;�H�2 �Q�7 �i�?�2 �>�N �B�M�+�`�2���b�2�b �r�B�i�?
�T�`�2�b�b�m�`�2�- �r�?�B�+�? �/�B�`�2�+�i�H�v �`�2�/�m�+�2�/ �i�?�2 �i�?�`�m�b�i ���i �?�B�;�?�2�` �T�`�2�b�@
�b�m�`�2�b�X �q�B�i�?�Q�m�i �i�?�`�m�b�i �/���i�� �B�M �i�?�2 �i�`���B�M�B�M�; �/���i���b�2�i�- �i�?�B�b
�i�`�2�M�/ �r���b �m�M���#�H�2 �i�Q �#�2 �+�Q�m�M�i�2�`���+�i�2�/ �#�v �+�?���M�;�2�b �B�M �Q�i�?�2�`
�T���`���K�2�i�2�`�b �/�m�`�B�M�; �i�?�2 �+���H�B�#�`���i�B�Q�M �T�`�Q�+�2�/�m�`�2�X �6�B�M���H�H�v�- �r�2
�T�H�Q�i �B�M �6�B�;�X �R�9 �i�?�2 �+�m�`�`�2�M�i �/�2�M�b�B�i�v ���i ���H�H �7�Q�m�` �`���/�B�B �B�M
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