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Abstract
A diffusion model is used to probabilistically reconstruct the full one-dimensional state of a
Hall thruster from partial, uncertain observations. The model is trained on a dataset of one-
dimensional simulations of an SPT-100 thruster and sampled by iterative denoising, guided by
sparse measurements. It is evaluated as a forward surrogate, where it correctly predicts the plasma
density, electron temperature, and ion velocity with low uncertainty when conditioned on an input
anomalous collision frequency profile. The model also matches ground-truth results from Markov
chain Monte Carlo (MCMC) when conditioned on observation of the ion velocity. It additionally
solves probabilistic inverse problems on real and simulated experimental data, with results that
approach or match existing semi-analytic methods in quality, flexibility, and robustness to noise
and missing data fields. Ablations are performed with respect to the amount of data required, the
size of the model, the form of the loss function, and the number of steps taken during sampling.
These highlight the large impact of dataset size on the quality of the model. Comparisons of the
cost of diffusion-based inference to that of MCMC demonstrate the method’s potential utility in
settings requiring repeated inference, including in digital twins and model predictive control.

1. Introduction

Crossed-field ion sources, such as Hall-effect thrusters, Penning discharges, and magnetrons, play host to
a range of plasma instabilities which produce enhanced electron transport across magnetic field lines [1].
As this transport cannot presently be incorporated self-consistently into engineering simulations, it is
commonly modeled as a spatially-varying, time-independent ‘anomalous collision frequency’ specified
by the user and calibrated to make simulations match available data [2]. The outputs of these calibrated
simulations can be inspected to estimate other unobserved plasma properties. Simulations calibrated in
this way are not unique, and two simulations that agree well on one observable may disagree strongly on
another [3]. Uncertainty quantification (UQ) is thus highly important.

Historically, however, model calibration has been largely manual, and UQ has been neglected. In
recent years, time-averaged model calibration approaches based on classical [4] or stochastic [5] opti-
mization have become available, but these methods either only partially incorporate UQ or are slow
due to the reliance on sequential sampling methods like Markov chain Monte Carlo (MCMC). Time-
dependent methods, such as Kalman filtering [6] and time-lagged phase portraiture [7, 8], are also pop-
ular, and offer the possibility of inferring unknown states like the anomalous collision frequency in real
time. To date, however, such methods have largely been applied to global (0-D) models [6, 9], and it is
not straightforward to incorporate or infer spatially-resolved states. Other techniques attempt to infer
unobserved states, including the collision frequency, from measurements by simplifying the governing
equations to make them tractable [10–13]. Obtaining the data required to employ these methods can be
challenging, and the simplifications made to aid analysis may impact the validity of the results. There
is thus a need for methods which can rapidly infer the spatially-resolved anomalous collision frequency
and unobserved states from sparse data, while quantifying the uncertainty in the resulting state estimates.
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Denoising diffusion models (DDMs) [14] provide a potential solution to these challenges. These gener-
ative models are a class of neural network commonly used for image and text generation. Due to their
robustness and ability to sample high-dimensional distributions [15], they have also been applied to sci-
entific problems, including the inversion of PDEs and the inference of unknown closure fields [16, 17].
While promising, they have typically been applied to canonical PDEs like Darcy Flow [17] and Burgers’
equation [18] with only one or two state variables. Additionally, they have not been extensively used to
assimilate noisy experimental data.

In this work, we apply diffusion models to approximate probabilistic field inversion in simulations of
a Hall-effect thruster. We accomplish this by first generating a large dataset of random input parameters,
including random anomalous collision frequency curves, which we pass through a 1-D fluid simulation
of a Hall thruster [19]. The simulation inputs and outputs, comprising 17 spatially-varying fields, are
arranged into a tensor and used to train a diffusion model. As a result, the model learns the prior distri-
bution of possible plasma states from our database of simulations. We can then sample from this prior
distribution, or optionally condition the model on partial observation of one or more fields to sample
from the posterior distribution over the unobserved fields. As sampling occurs in parallel, we rapidly
obtain many posterior samples which can be used for UQ. The conditioning procedure we employ works
at sampling-time, allowing it to solve arbitrary probabilistic forward and inverse problems without re-
training the underlying model.

The diffusion-based inference method we demonstrate in this work may complement several gaps in
current methods. Unlike the existing semi-analytical techniques used to invert experimental data [10, 12,
13], the proposed method does not rely on the presence of specific fields and gracefully handles sparse
and noisy data. Additionally, compared to classical sampling-based inference methods like MCMC, the
cost of the present method is largely paid offline, during training. Online inference is comparatively
rapid, enabling the proposed method to be used in settings requiring multiple inverse problems to be
solved sequentially. Finally, we note that while we focus on Hall thrusters in this work, this method is
largely agnostic to the specific simulation or physical system used to generate training data and can be
easily extended to similar systems.

Our paper is organized as follows. In section 2, we describe DDMs, the 1-D simulations performed,
the data generation process, our model’s architecture, and the training and sampling procedures. Next,
in section 3, we present the results of our model both as a forward surrogate for the 1-D code and as a
tool for solving inverse problems. We evaluate its performance in an experimental setting, conditioning
it on real measurements and comparing its outputs to those obtained from two semi-analytic methods.
In section 4, we discuss our model’s computational cost and use cases and enumerate some remaining
challenges before summarizing our findings in section 5. In appendix A, we evaluate the sampling per-
formance of the diffusion model as a function of data size, model size, training methods, and sampling
procedure.

2. Methods

2.1. DDMs
DDMs are a powerful class of generative models which aim to sample from complex, data-defined dis-
tributions via a learned, iterative map from a simpler reference distribution. These models are eas-
ier to train than similar methods such as generative adversarial networks (GANs) [20] and normal-
izing flows [21], while offering higher sample quality than standard and variational auto-encoders
(VAEs) [14]. Classically, DDMs are formulated in terms of a stochastic forward process in which a
sample from the data distribution is “noised” via the incremental addition of independent Gaussian
noise [14]. The job of the DDM is to reverse this process, predicting ‘clean’ images from noisy samples
and iteratively transforming a Gaussian random sample into a representative sample of the data distribu-
tion. DDMs have also been formulated in terms of deterministic transport maps [15, 22], where samples
are obtained by solving an ODE along the trajectory from the reference to the data distributions. This is
the formulation we adopt in this paper. More recently, DDMs have been linked to optimal transport and
flow-based generative modeling via conditional flow matching models [23], which operate in the same
manner as deterministic diffusion models but employ different parameter and trajectory choices during
training and sampling.

In this work, we use DDMs to sample from a data distribution defined by a library of 1-D Hall
thruster simulations. In the following sections, we discuss the process by which this data was generated,
the choice of model architecture, and the training procedure. Finally, we describe how we condition the
sampling process on data to obtain samples from an approximate Bayesian posterior distribution.
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Figure 1. Cutaway of a Hall thruster with the 1-D simulation domain of HallThruster.jl indicated (left). Expanded view of 1-D
domain with key dimensions and potentials (ϕ) labeled (right).

2.2. Data generation
We build a diffusion model for the SPT-100 Hall thruster. This is a 1 kW-class Hall thruster developed
by Fakel in Russia [24], which has become a standard reference thruster for modeling activities [5, 25].
Despite the relative abundance of experimental data available for this thruster [24, 26], there is still
insufficient data for training a diffusion model. Instead, we generate training data using the open-source
one-dimensional axial fluid Hall thruster code HallThruster.jl [19]. This code aims to capture many of
the important physics driving the evolution and acceleration of a Hall thruster discharge plasma while
remaining fast enough for parameter estimation and inference workflows [27]. This speed also makes it
ideal for generating a large amount of training data for machine learning tasks.

Table 1 provides the inputs and outputs of HallThruster.jl used in this work, and figure 1 shows the
simulation domain. The domain extends from the anode boundary at z= 0 to the cathode boundary
at z= 8 cm and includes M= 128 cells. Our simulations use xenon as a propellant and include up to
triply-charged ions. The code solves a continuity equation for neutral species and both continuity and
momentum equations for ions. Electrons follow an inertia-less generalized Ohm’s law description with a
time-dependent energy equation, the latter modified by energy losses to the walls as well as to ionization
and excitation. At the anode boundary, neutral xenon atoms are injected with a mass flow rate ṁa at
a velocity of un, while ions impacting the anode neutralize and join the neutral flow. The electrostatic
potential is set to the discharge voltage, Vd, at the anode and the cathode coupling voltage, Vcc, at the
cathode. We fix the magnetic field profile to that of the SPT-100, and we allow its magnitude to vary
using a scale parameter fB. Finally, the code includes a scale factor, fw, which modifies the effective edge-
to-center density ratio used to compute electron and ion wall losses. We collect the scalar input variables
[ṁa,Vd, fB,Vcc,un, fw] into a vector v and assign each a prior distribution (also listed in table 1), which
we sample randomly for each example in our training dataset.

In addition to these variables, HallThruster.jl also requires the specification of an anomalous elec-
tron collision frequency curve, νan(z). Generating the necessary data thus requires us to sample νan
curves randomly. Many parametric models of νan(z) exist and are commonly employed in Hall thruster
simulations [3, 28–30]. Typically, these follow the Bohm scaling, such that the inverse anomalous Hall
parameter, Ω−1

an = νan/ωce is a function of z only. These range from two-region step-out profiles [28]
to arbitrarily-complex piecewise-linear or piecewise-logarithmic profiles [4, 31]. In this work, we begin
with a flexible six parameter base model which expresses Ω−1

an as a product of a logistic curve f(z) and an
inverted Gaussian g(z):

Ω−1
an (ẑ) = νan/ωce = c1f(ẑ)g(ẑ) , (1)

f(ẑ) = 1− c3

1− 1

1+ exp
[
− c4 ẑ

1−c4

]
 , (2)

g(ẑ) = 1− (1− c5)exp

[
− ẑ

c6

2
]
, (3)

ẑ= z/c2 − 1. (4)

The form of the base model allows both for a rise in νan moving from the anode to the near-plume
region [3] as well as a region of reduced transport, which in Hall thruster models serves to ensure that
a strong accelerating electric field emerges [32]. This model also recovers the classic two-region Bohm
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Table 1. Parameters and distributions sampled during data generation, as well as model outputs. The uniform distribution is U(a,b),
while the normal and log-normal distributions areN (µ,σ) and LN(µ,σ), respectively. The truncated versions of these distributions
are then TN(µ,σ,a,b) and TLN(µ,σ,a,b).

Scalar parameters

Symbol Description Units Prior distribution

ṁa Anode mass flow rate mg s−1 U(3,6)
Vd Discharge voltage V U(200,600)
fB Magnetic field scale — U(0.5,1.5)
Vcc Cathode coupling voltage V U(0,50)
un Axial neutral velocity ms−1 TN(300,100,0,∞)

fw Wall loss scale — TN(1,0.5,0,2)

Anomalous transport parameters

c1 Scale — LN(log(0.1), log(5))

c2 Center location — TN(1.1,1/3,0,2)

c3 Anode-cathode step size — U(0,1)
c4 Anode-cathode slope — U(0,1)
c5 Barrier scale — TLN(log(0.05), log(10),0,1)

c6 Barrier width — TN(0.3,0.5,0,∞)

w1 Noise weight 1 — N (0,1)

w2 Noise weight 2 — N (0,1)

w3 Noise weight 3 — N (0,1)

w4 Noise weight 4 — N (0,1)

w5 Noise weight 5 — N (0,1)

Output fields

B Magnetic field strength G —

νe Total electron collision frequency s−1 —

νan Anomalous electron collision frequency s−1 —

nn Neutral number density m−3 —

ne Electron number density m−3 —

ue Axial electron velocity m s−1 —

ni,{1,2,3} Ion number density (Z = 1, 2, 3) m−3 —

ui,{1,2,3} Axial ion velocity (Z = 1, 2, 3) m s−1 —

ϕ Electrostatic potential V —

E Axial electric field Vm−1 —

Te Electron temperature eV —

pe Electron pressure eVm−3 —

∇pe Electron pressure gradient eVm−4 —

transport model [28, 29] when c4 = 1 and c5 = 0. As with the scalar parameters, we generate νan(z)
curves by specifying prior distributions of c1–c6 which we sample randomly.

While the base model is flexible, it remains limited in its expressive power. To further increase the
range of possible νan(z) curves, we perturb the base model with correlated Gaussian noise with a squared
exponential covariance kernel, i.e.

k(z,z ′) = β2 exp

[
−1

2

(z− z ′)2

l2

]
. (5)

Here, β is the standard deviation of the noise and l is the correlation length scale, which we set to
1.0 and Lch respectively. We generate a realization of the noise, X̂, by sampling a multivariate normal
distribution with a covariance matrix K ∈ RM×M, Ki,j = k(zi,zj). We add the noise to log(Ω−1

an ) to permit
variations across orders of magnitude, as

log
(
Ω̃−1

an

)
= log

(
Ω−1

an

)
+ X̂, where X̂∼N (0,K) . (6)

In figure 2(a), we plot several sampled anomalous collision frequency curves, both with and without
the added Gaussian noise. Adding correlated Gaussian noise transforms our anomalous collision fre-
quency model from parametric to nonparametric. This is not a challenge for diffusion models, but poses
difficulties for parametric inference methods such as MCMC to which we will compare our approach. To
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Figure 2. (a) Three sample curves of the inverse anomalous Hall parameter (Ω−1
an = νan/ωce) from the six-parameter anoma-

lous transport model in equation (1), with (dashed lines) and without (solid lines) the addition of correlated Gaussian noise.
Truncated realizations of the noise using only the first five eigenfunctions are shown as dotted lines. (b) The first five eigenfunc-
tions of the squared exponential kernel on a domain of [0, 80] mm with a kernel length of 25 mm. (c) The first fifteen eigenval-
ues of the same squared exponential kernel, with the truncation index (i = 5) highlighted as a dashed line.

this end, we parameterize the Gaussian noise by performing a Karhunen-Lòeve expansion of the squared
exponential kernel in terms of its eigenvalues λi and eigenfunctions φi [33]:

Kφi = λiφi. (7)

Summing the first p eigenvalues produces a realization of X̂,

X̂≈
p∑

i=1

wi

√
λiφi, (8)

where each weight parameter wi is a random variable following a standard normal distribution. The
original Gaussian process is recovered as p→∞, but the eigenvalues decay quickly, allowing us to trun-
cate the expansion and obtain a finite parametric model for the noise. This gives a parametric model
with eleven parameters, c1–c6 and w1–w5, which we list in table 1. To maintain acceptable performance
and sample quality when running MCMC, we retain just the first five eigenfunctions (p= 5), which we
show in figure 2(b). We use the full non-parametric form of the noise when generating training data
for the diffusion model. While this truncation causes MCMC and the diffusion model to sample from
slightly different posterior distributions, this difference is small. To illustrate the acceptability of the
truncation, we first plot in figure 2(c) the first fifteen eigenvalues of the squared exponential kernel. The
eigenvalue at the point of truncation, λ5, is nearly three orders of magnitude lower than the first eigen-
value. The percentage of variance in the Gaussian process explained by the first five eigenvalues, calcu-
lated by dividing the sum of these eigenvalues by the sum of all eigenvalues, is 99.95%. Furthermore, as
a graphical illustration of the insignificance of the truncated eigenfunctions, we plot in figure 2(a) the
truncated noise realizations over the un-truncated realizations. The near-perfect agreement between the
two curves suggests that any differences in posterior sampling arising from this truncation will be slight.

To generate data, we sample a random set of scalar inputs from table 1 as well as a random anoma-
lous collision frequency curve using the non-parametric form of the procedure described above. At each
set of inputs, we run HallThruster.jl with three ion charge states on a grid of M= 128 cells for one mil-
lisecond of simulation time, which takes 3 s on a single thread of an AMD Ryzen 9 9900X. We then
average the simulation outputs in time over the final half-millisecond of the simulation. For most sim-
ulations, the chosen execution and averaging times are sufficient to allow convergence to quasi-steady
state and average over several breathing oscillations. Given the large number of simulations generated
and the complexity of plasma oscillations, however, it cannot be guaranteed that all simulations reach
convergence within the allowed time. While this may introduce a bias into the diffusion model’s prior,
we expect the impact to be small as we are primarily interested in ‘well-behaved’ regions of parameter
space representative of the experimental data and which are more likely to converge in the allotted time.
We generate 221 training examples in parallel batches of 24.

We save C= 17 fields from each simulation, listed in table 1, and normalize the simulation outputs
per-field to have zero mean and a standard deviation of 0.5 following Karras et al [15]. These outputs
are then laid out into 2D tensor of dimension M×C and saved along with the scalar parameters v,
which are normalized with the same method.

5
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Figure 3. Schematic diagram of the network architecture employed in this work.

2.3. Model architecture and training
We employ a modified 1-D version of the EDM2 architecture from [34] as our diffusion model. This
architecture was chosen due to its architectural simplicity and state-of-the-art performance, as well as the
ease with which it could be adapted to our 1-D use case. The model architecture, shown in figure 3, is a
U-net consisting of four encoder levels, a mid-level/bottleneck level, and four decoder levels. At the start
of the network, the number of channels is increased from C to NC. The encoder levels down-sample the
tensor, reducing the resolution by two and increasing the number of channels by NC. The decoder lev-
els up-sample the tensor, concatenate the tensor from the same resolution on the decoder side along
the channel dimension, and decrease the number of channels. Each level (encoder or decoder) contains
a configurable number of residual blocks, NB. For our base model, we take NB = 3 and NC = 64; we
investigate the effect of changing these values in appendix A. The model takes as input a tensor of the
17 fields listed in table 1 and outputs a denoised version of the same tensor. We additionally inform the
model of the noise level σ and the vector of scalar inputs v using Fourier position embeddings. In this
way, the latter are treated effectively as class labels. While this choice prevents the scalar inputs from par-
ticipating in diffusion and thus being inferred from data, it keeps the architecture simple and allows us
to focus on inferring the unknown spatial fields.

At each training step, we add uncorrelated Gaussian noise with a random standard deviation σ to
a batch of training data examples x ∈ RB×C×M, with B being the batch size. The noise level is sampled
per training example from logσ ∼N (pmean,pstd), with pmean =−1.2 and pstd = 1.2, following [15]. This
produces the noised tensor x(σ). Then, the diffusion model, D(x;σ,v), predicts the original noise-free
tensor. The loss is computed as the reconstruction loss ∥D(x;σ,v)− x∥22, multiplied by a noise-dependent
weight function, λ(σ) = (σ2 +σ2

data)/(σσdata)
2 [15]. To improve the smoothness of our solutions, we

additionally incorporate first- and second-derivative penalties in our loss function. The modified training
loss is given below, with fD indicating a tuneable scale for the derivative loss terms,

L= λ(σ)
[
∥D(x;σ,v)− x∥22 + fD ∥∆z (D(x;σ,v)− x)∥22 + f 2D

∥∥∆2
z (D(x;σ,v)− x)

∥∥2
2

]
. (9)

x(σ) = x+ ξ, ξ ∼N
(
0,σ2 I B×C×M

)
. (10)

In this work, we take fD = 1; we investigate the impact of this choice in appendix A. We train the model
using the Adam optimizer for 1024 epochs, or 231 training examples. On an Nvidia H100 GPU, train-
ing takes 1 day, 22 h at a batch size of B= 8192 and a learning rate of 1.2× 10−3. Meanwhile, on a
consumer-grade Nvidia GeForce RTX 3060, it takes 4 days, 8 h at a batch size of 2048 and a learning
rate of 3× 10−4.

2.4. Sampling
To sample the model, we begin with a sample of pure Gaussian noise and integrate backward toward
zero noise along trajectories defined by a probability flow ODE:

dx

dσ
=−σ∇x logp(x;σ,v) =− 1

σ
(D(x;σ,v)− x) . (11)

Here, ∇x logp(x;σ,v) is the score function, a vector field which transports samples of Gaussian noise
toward the data distribution. In this formulation, sampling is implicitly conditioned on some choice

6
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of the scalar parameter vector v. Purely unconditional samples can be generated by drawing random
instances of v from the prior distributions in table 1 at the start of sampling.

To condition on partial observations, we sample from the posterior distribution, p(x | y;σ,v) instead
of the prior distribution, p(x;σ,v). Applying Bayes’ rule, the sampling ODE for the posterior becomes

dx

dσ
=−σ (∇x logp(x;σ,v)+∇x logp(y | x;σ,v)) , (12)

where logp(y | x;σ,v) is the likelihood. As the noisy sample x is conditionally-independent of the mea-
surement y with respect to the clean sample, x0, the likelihood can be expressed by marginalizing over x0
as

p(y | x;σ,v) =
ˆ
x0

p(x0 | x)p(y | x0) dx0. (13)

We model the observations, y, as generated from the clean image prediction, x0, according to the for-
ward noise model,

y= A(x0)+ η, η ∼N
(
0,γ2 Im

)
, (14)

where A : RB×C×M → Rm is a measurement operator and η is the measurement noise with standard
deviation γ. A acts on normalized quantities so γ is given relative to the normalized range of that quan-
tity. This formulation gives p(y | x0) =N (A(x0) | y,γ2 Im). However, p(x0 | x) is intractable, so we fol-
low Chung et al in using a single-point likelihood estimate at the mean clean sample prediction for
equation (14), or

Ex0 [p(y | x)]≈ p(y | E [x0]) . (15)

Combining this with the noise model in equation (15), we obtain an expression for the likelihood score,

∇x logp(y | x;σ,v)≈− 1

γ2
∇x ∥y−A(D(x;σ,v))∥22 , (16)

where we compute the gradient with respect to x using automatic differentiation. In practice, choos-
ing γ from the measurement noise alone gives inappropriately high guidance during the early phases of
sampling, when noise levels are high and the log-likelihood of the clean sample with respect to the data
is very low. This leads to sampling instabilities, which we remedy by scaling γ with the current noise
level as

γ2 = γ2
data

(
1+ r2

)
, (17)

where γdata is the ‘true’ measurement noise and r2 = σ2/(1+σ2) is an additional variance derived from
[35] which approximates the variance of p(x0 | x). In addition, following references [17, 36, 37], we apply
a guidance strength ζ at each step instead of directly integrating the measurement likelihood as written.
This guidance strength can be expressed in terms of γdata and a guidance constant Cg as

ζ =
1

C2
gγ

2
data (1+ r2)

. (18)

We take Cg = 40. This value was chosen by generating diffusion model samples conditioned on the
anomalous collision frequency and parameters of multiple examples from the held-out validation dataset
and selecting the Cg that gave the best adherence to the provided measurement standard deviation.
Increasing Cg decreases the guidance strength and increases the variance in the posterior predictive
distributions, while decreasing Cg has the opposite effect. Sampling becomes unstable for values of Cg

below 10.
With the ODE defined, we conditionally sample from the diffusion model by integrating

equation (13) from a starting noise level σmax to σ = 0. Algorithm 1 gives our sampling procedure
for an arbitrary two-stage Runge–Kutta integrator, parameterized by coefficient α. Here, α= 1 corre-
sponds to the Heun integrator used in [15]. Our sampling procedure instead uses the midpoint method
(α= 1/2), which was slightly more stable than Heun’s method during testing. The noise steps σi are
chosen following [15], and decay with noise level following a degree-7 polynomial. Unless otherwise
specified, we take S= 2048 steps for each generation in this work, and all presented results derive from a
batch of 256 samples. These sampling parameters are summarized along with the architectural and train-
ing parameters in table 2.
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Algorithm 1. Conditional sampling with two-stage Runge-Kutta scheme with parameter α. Derived

from references [15, 17, 36].

procedure DERIVATIVE(x, σ, D(x;σ,v))

x̂0← D(x;σ,v) ▷ Obtain clean sample prediction

s← (x− x̂0)/σ2 ▷ Evaluate score (equation (12))

return−σs, x̂0 ▷ Return ∂x/∂σ (equation (13)) and clean sample

end Procedure

procedure CONDITIONALSAMPLER(D(x;σ,v), σi∈{0,...,S}, v, A(x), y, α, γ)

sample xS ∼N (0,σ2
S I) ▷ Generate initial noise sample

for i ← S to 1 do

∆σ← σi−1−σi

f0, x̂0← DERIVATIVE (xi−1,σi,D)

x ′i−1← xi +αf0 ▷ First Runge–Kutta stage

f1, x̂0← DERIVATIVE (x ′i−1,σi +α∆σ,D)

x′′i−1← xi +∆σ
((
1− 1

2α

)
f0 +

1
2α

f1
)

▷ Second Runge-Kutta stage

xi−1← x′′i−1 + ζ ∇x ∥y−A(x0)∥22 ▷ Apply observation guidance

end for

return x0 ▷ Return clean sample at σ = 0

end Procedure

Table 2. Data, architecture, training, and sampling parameters used in this work.

Data parameters

Name Symbol Value

Training dataset size ND 221

Data channels C 17

Resolution M 128

Number of scalar parameters P 6

Data standard deviation σdata 0.5

Architecture parameters

Base channels NC 64

Blocks per level NB 3

Self-attention max resolution — 16

Self-attention heads — 64

Training parameters

Epochs — 1024

Batch size (1× Nvidia H100) B 8192

Batch size (1×Nvidia Geforce RTX 3060) B 2048

Learning rate (1× Nvidia H100) α 1.2× 10−3

Learning rate (1× Nvidia Geforce RTX 3060) α 3× 10−4

Log noise distribution mean pmean −1.2
Log noise distribution std pstd 1.2

Derivative loss weight fD 1.0

Sampling parameters

Sampling steps S 2048

Number of samples NS 256

Maximum noise level σmax 80

Minimum noise level σmin 0.002

Measurement standard deviation γ Case-dependent (see text)

Guidance constant Cg 40

3. Results

3.1. Forward surrogate
We first demonstrate our network’s ability to capture key physics of our system by acting as a forward
surrogate. To do this, we condition the diffusion model on the anomalous collision frequency and scalar
parameters of a reference simulation. The parameters of the reference simulation, reported in table 3,
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Table 3. Operational and calibration parameters of the reference simulation.

ṁa (kg s−1) Vd (V) fB Vcc un (m s−1) fw

5× 10−6 300 1.0 0.0 150.0 1.0

Figure 4. Diffusion model predictions (256 samples) of (a) ion velocity, (b) plasma density, (c) electron temperature, (d) anoma-
lous collision frequency conditioned on the anomalous collision frequency and parameters of the reference simulation. The ref-
erence simulation outputs are indicated with dashed black lines, and orange dashed lines highlight the observed quantity (here,
νan). The diffusion model successfully acts as a forward surrogate with low variance.

were chosen to represent a realistic operating condition for an SPT-100 Hall thruster with representative
plasma parameters.

In figure 4, we show the distributions of diffusion model predictions for four plasma properties after
conditioning on the inputs to the reference simulation with a sampling noise of γ = 0.025. This value
was the smallest that yielded stable sampling. The ion velocity and electron temperature are captured
accurately with low uncertainty, and the median and 50% credible intervals of the plasma density coin-
cide with the reference simulation. We also observe that the imposed constraints on the anomalous col-
lision frequency are well-obeyed during sampling, with the sampled curves closely following the refer-
ence. The 95th percentile of diffusion samples shows a small amount of uncertainty in the plasma den-
sity both near the anode and outside of the discharge channel. As we will see later, the plasma density
is highly sensitive to small changes in the anomalous collision frequency. The small but finite value of γ
used may have thus manifested as a larger amount of uncertainty in ne. Taken together, however, these
results showcase the ability of the diffusion model to accurately model the physical relationships between
simulation fields and demonstrate the success of the proposed posterior sampling procedure.

3.2. Probabilistic inference problem
In this section, we compare the posterior predictive distributions obtained by the diffusion model to
those from a MCMC sampling procedure, which serves as ‘ground truth’. Here, the task is to infer the
distribution of the full plasma state given only the singly-charged ion velocity curve from the reference
simulation, which we denote uref. We formulate the MCMC inverse problem using the same param-
eters as in table 1, with the addition of the five Gaussian noise weight parameters w1–w5 discussed in
section 2.2 to make the anomalous transport curve generation parametric. We fix the scalar parameters
v to those of the reference simulation (table 3), giving us an 11-Dimensional parameter vector θ. The
posterior distribution used in MCMC is obtained as the product of the prior distributions in table 1 and
a likelihood derived assuming a Gaussian error with standard deviation γ between uref and the model
output ui,1(zj,θ), or

logp(d | θ) =−n

2
log

(
2πγ2

)
−

n∑
j=1

1

2γ2

(
ui,1

(
zj,θ

)
− uref

(
zj
))2

, (19)

where j is the cell index. We take γ = 500 ms−1 for MCMC sampling, which represents a typical exper-
imental error in ion velocimetry in E×B sources [26]. Due to the high-dimensional parameter space, a
large number of samples are needed for MCMC to converge. We draw 100 000 samples from the poste-
rior using the delayed rejection adaptive metropolis (DRAM) algorithm [38] and discard the first half as
burn-in; this takes about five days on an Apple M4 max chip.

The diffusion model is conditioned on the same ion velocity curve and scalar parameters as the
MCMC simulation. We use a normalized γ = 0.028 for the ion velocity noise, which is 500 m s−1

divided by 17 400 m s−1, the normalization constant for singly-charged ion velocities. Figure 5 compares
the posterior predictive distributions of ui,1, ne, Te, and Ω−1

e = νe/ωce from MCMC sampling to those of
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Figure 5. Posterior predictive distributions from 50 000 MCMC samples (top row) compared to 256 samples from the diffusion
model (bottom row). The diffusion model approximates the MCMC posterior predictive distributions well.

the diffusion model. The two distributions agree quantitatively and qualitatively across most of the axial
domain. Within the minimal variation in the ion velocity, both the diffusion model and MCMC predict
variations of over two orders of magnitude in the near-anode plasma density, indicating that ion velocity
alone is not sufficient to constrain this field. The electron temperature curve is better-constrained, with
the largest uncertainty occurring in the peak value. This ranges from 30 to 49 eV in the MCMC results
and 30–45 eV in the diffusion results. The inverse electron Hall parameter curve exhibits the largest dif-
ferences between the two, with the diffusion model predicting higher values at all locations. As has been
previously observed [3], knowledge of the ion velocity profile is not sufficient to narrow down the value
of the electron collision frequency outside of the location and depth of the minimum; the 95% credible
intervals for both cases span more than an order of magnitude at the left and right sides of the domain.
The differences between the methods can likely be attributed to the approximations made to sample the
posterior in section 2.4 and bias in the diffusion model itself.

The quality of the diffusion model’s approximation to the posterior distribution depends on the
training and sampling parameters employed. Appendix A explores the effect of these parameters quan-
titatively, finding that the number of sampling steps taken and the amount of data used most strongly
affect the quality of the approximation. Whether the approximation error is acceptable depends heavily
on the computational cost and convenience of each method. We compare the cost of the present method
to MCMC in section 4.1. While the specifics depend on the details of each method, we find that for
problems like ours, diffusion models provide large online time savings over MCMC when solving inverse
problems, which becomes advantageous when solving such problems repeatedly.

3.3. Comparison to experimental techniques
3.3.1. Method of Pérez-Luna et al
Pérez-Luna et al [10] use a simplified 1-D Boltzmann equation for singly-charged ions to compute
the electric field and ionization rate by taking moments of ion velocity distribution functions (IVDFs)
obtained with laser-induced fluorescence (LIF). Defining the normalized 1D velocity distribution func-
tion g(v) such that

´∞
−∞ g(v) = 1, the mth moment of g(v), um, and the ratio of successive moments, wm,

are given by

um =

ˆ ∞

−∞
vmg(v) dv, (20)

wm = um/um−1. (21)

The axial acceleration a, axial electric field E, and ionization frequency νiz are then

a=
w1w2

2w1 −w3

∂w3

∂z
, (22)
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Figure 6. Diffusion model outputs of (a) singly-charged ion velocity, (b) electric field, (c) ionization rate, and (d) inverse elec-
tron Hall parameter when conditioned on LIF data from [26] (observation). Results obtained using the technique of Pérez-
Luna et al [10] are indicated in black dashed lines, while the simplified electric field obtained from equation (26) is in red. The
electric field of the diffusion model agrees well with that of Pérez-Luna’s method.

E=
M

e
a, (23)

νiz =
a

w2
− w1

w2

∂w2

∂z
. (24)

We evaluate both the diffusion model and Pérez-Luna technique on experimental measurements, using
the LIF measurements taken by Macdonald-Tenenbaum et al of the SPT-100 IVDFs at a background
pressure of 35µTorr [26]. We condition the diffusion model on the most probable velocity of the IVDF.
This quantity is less affected by charge exchange collisions and other effects that produce low-energy
ions and reduce the mean velocity. As HallThruster.jl does not model these processes and includes only
a single ion velocity per charge state, this choice gives a more direct comparison. We then compute the
ionization frequency from the diffusion model’s predicted electron temperatures and neutral and ion
densities, using ionization rate coefficients from HallThruster.jl. For the scalar parameters, we condition
on the Vd = 300V,ṁa = 5.16mgs−1,Vcc = 30.0, and fB = 1.0. The values of Vd and ṁa derive directly
from [26], while Vcc for the SPT-100 at this pressure is approximated based on [39] and fB = 1 indi-
cates that the magnetic field is at its nominal value. As un and fw are not known, we randomly choose
unique values from the prior distributions in table 1 for each sample, in effect marginalizing our pre-
dictions over these parameters. In figure 6, we compare the electric field and ionization rate from the
diffusion model to those of the Pérez-Luna technique. We additionally compare these results to a third,
commonly-used method in which E is computed directly from the mean velocity, neglecting ionization,
as [40]

E=
M

e
u
du

dz
. (25)

The diffusion model agrees well with the method of Pérez-Luna et al The electric fields agree par-
ticularly well, with the diffusion model-predicted peak field differing from the experimentally-derived
value by less than 3 kV m−1 (25.5 vs 22.5 kV m−1, respectively). These two methods agree more closely
to each other than they do to the simplified method of equation (26), which predicts a value of just
18 kV m−1. The diffusion model and experimental methods disagree more on the ionization frequency,
with the method of Pérez-Luna et al predicting a peak ionization frequency 3 times that of the diffu-
sion model. Outside of this peak, from z/Lch = 1 to z/Lch = 1.8, the methods agree to within uncer-
tainty. Past this point, they diverge, with the diffusion model predicting an ionization rate which con-
tinues to decline and the method of Pérez-Luna et al predicting that it flattens out at around 104 Hz.
These points are well outside of the discharge channel of the SPT-100, so the 1-D assumptions underly-
ing both our method and that of Pérez-Luna et al begin to break down. It is likely that neither method
produces an accurate estimate in this region. Finally, we obtain an estimate of the inverse electron Hall
parameter, which has a shape consistent with the ion velocity curve but varies over an order of magni-
tude. The relatively large variation likely stems from the marginalization over un, and fw, each of which
would impact what the anomalous collision frequency would need to be to produce the ion velocity pro-
file from experiment.

These results demonstrate that the diffusion model can be successfully conditioned on sparse exper-
imental data, despite being only trained on simulations, and provide estimates of fields beyond what
can be calculated using standard experimental techniques. Differences between the diffusion model and
Pérez-Luna estimate, particularly in the ionization frequency, stem from differences in the underlying
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models. The two estimates may be used complementarily to better constrain the truth in the face of dif-
fering physical assumptions.

3.3.2. Roberts’ method
Roberts and Jorns invert a simplified 1D model of a Hall thruster semi-analytically to obtain the inverse
electron Hall parameter, Ω−1

e . The one-dimensional fluid electron Ohm’s law gives [13]:

Ω−1
e =

νan + νclass
ωce

− uez
ue,θ

≈− uez
E
B +

1
eneB

∂
∂zneTe

(26)

Here, uez and ue,θ are the electron axial and azimuthal velocities, respectively, and νclass is the classi-
cal electron collision frequency. In the magnetized limit where Ωe ≫ 1, ueθ can be approximated as the
sum of the E×B and diamagnetic drifts, which are the first and second terms in the denominator of
equation (27), respectively. Armed with this expression, Ω−1

e can be calculated given E, Te, ne, and uez.
Roberts and Jorns apply incoherent Thomson scattering (ITS) to non-invasively measure the electron
velocity distribution function (EVDF), obtaining ne and Te from the zeroth and second moments of the
EVDF, respectively. Next, they use LIF to measure uiz,1, and then applied the method of Pérez-Luna et al
to get E. Finally, they determine uez by integrating a system of ordinary differential equations derived
from one-dimensional current conservation:

∂zJez =−ene

2∑
Z=0

3∑
Z ′=Z+1

(Z ′ −Z) nZK(Z→Z ′) (Te) (27)

∂zJZ = Zene

[
Z−1∑
Z ′=0

nZ ′K(Z ′→Z) (Te)−
3∑

Z ′=Z+1

eZK(Z→Z ′) (Te)

]
(28)

∂zn0 =−nen0
un

3∑
Z=1

K(0→Z) (Te) . (29)

In the above, Jez =−eneuez is the electron axial current density, JZ is the current density of ion species
with charge Z, for Z> 1, n0 is the density of neutral atoms (Z= 0), and KZ→Z ′(Te) is the ionization
rate coefficient for the production of particles of charge state Z ′ from those of charge Z, evaluated at
a given electron temperature. Roberts holds the axial neutral velocity, un, constant, which matches the
approximation made by HallThruster.jl. They integrate the above equations upstream from z= zend, with
boundary conditions given by

Ji (zend) = e [neuiz,1] (zend)
∑
Z

ωZ/
√
Z, (30)

Je (zend) = Ji (zend)(1/ηb − 1) , (31)

JZ (zend) = ωZJi (zend) , (32)

nn (zend) =
Ji (zend)

eun
(1/ηm − 1) . (33)

Here, ωZ is the fraction of the total ion current Ji carried by ions of charge state Z; ηm = ṁi /ṁ is the
mass utilization efficiency, or the ratio of the flow rate of ions leaving the thruster to neutrals injected
at the anode; and ηb ≈ JiAch/Id is the beam utilization efficiency, or the ratio of ion current to total dis-
charge current. Given appropriate data, we integrate equations (28)–(30) upstream from the right simu-
lation boundary using a second-order predictor-corrector method. In doing so, we use the same ioniza-
tion rate coefficients as in HallThruster.jl. We then use the results to evaluate the inverse anomalous Hall
parameter (equation (27)).

Lacking the necessary experimental data to apply this method to the SPT-100, we compare it in-silico
to the diffusion model, using the same reference simulation as in sections 3.1 and 3.2. As our 1-D fluid
simulations do not produce IVDFs to which the Pérez-Luna technique can be applied, we assume that
E is known in addition to ne, Te, and ui,1. This ensures parity between our methods. To more faithfully
mimic experimental data, we observe these quantities at just 15 axial data locations, chosen to match
those of the LIF data from [26] used in the previous section. Furthermore, we perturb each of these
points with relative Gaussian noise with a standard deviation of 2.5%. We additionally condition the
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Figure 7. Comparison of the method of Roberts and Jorns (red) to the diffusion model outputs (blue) and the reference simula-
tion (black). Conditioning is performed on simulated measurements from laser-induced fluorescence and Thomson scattering
(orange markers). Diffusion model predictions for singly, doubly, and triply charged ion densities and velocities are colored blue,
orange, and green, respectively. The diffusion model more closely agrees with the reference for all quantities, and successfully
extrapolates to the anode.

diffusion model on a single observation each of nn and ue at the final data point in the domain, calcu-
lated from equations (31)–(33). The diffusion model is informed of five of the six scalar parameters: Vd,
Vcc, ṁa, fB, and un, as these are either readily obtained in experiments or, in the case of un, required by
Roberts’ method. As the wall loss coefficient fw is unknown, we marginalize our predictions over this
value by sampling a random value from its prior distribution (table 1) for each diffusion model sample.

Figure 7 compares the results of the method of Roberts and Jorns to those of the diffusion model.
While Roberts’ method successfully inverts many of the field quantities, in all cases the median diffu-
sion model predictions more closely match the reference simulation. Moreover, the diffusion model
extrapolates past the domain of the measurements toward the anode at z= 0 cm and downstream to
z= 8 cm. Roberts’ method is unable to do so, and in the case of the ion densities strongly departs from
the reference simulation at the upstream end of the measurement domain. The diffusion model is also
more tolerant to noise and artifacts caused by numerical differentiation. For example, the inverse Hall
parameter recovered by the method of Roberts and Jorns crosses zero twice, at the first and last mea-
surement points. This stems from noise amplification when calculating the pressure gradient term in
equation (27). The plasma density and electron velocity exhibit the largest uncertainties of the diffu-
sion outputs, likely due to the marginalization of our predictions over fw. The median electron veloc-
ity also closely follows Roberts’ prediction and the conditioned value, which differ from the true value
due to the approximations made in obtaining the downstream electron velocity using equation (31).
Interestingly, the predicted electron velocity retains some noise not present in the other fields. During
development, we observed that on occasion the diffusion model would incompletely denoise some sam-
ples, or even specific fields. This likely relates to the noise distribution chosen during training over-
emphasizing small noise levels, as this biases the model toward under-removing noise. We employ the
distribution used by Karras et al [15], which was optimized for images. Ultimately, this distribution
should be tuned per-dataset. As this requires a grid search in at least two dimensions, we reserve it for
future work.

Despite some of the discrepancies, Roberts’ method does an excellent job at field inversion, espe-
cially near the middle of the measurement domain. However, this success depends on the availability of
ITS measurements of the plasma density and temperature. More commonly, only ion velocity and elec-
tric field data from LIF is available. To investigate the effect of missing ITS data, we show in figure 8
the results of conditioning the diffusion model solely on the ion velocity and electric field. We observe
that while the uncertainty in our state estimates has increased, as expected, the median quantities still
agree nearly as well with the reference simulation as before. Moreover, while still noisy, the median elec-
tron velocity now matches the reference simulation. These results highlight the flexibility of the diffusion
model with respect to the availability of data.
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Figure 8. Comparison of the method of Roberts and Jorns to the diffusion model, which has been conditioned only on simulated
LIF measurements (ion velocity and electric field). Colors are the same as figure 7. The uncertainty in the diffusion outputs is
higher than when electron density and temperature were included (cf Figure 7), but the median values still match or improve
upon those from Roberts’ method.

4. Discussion

4.1. Inference costs
In this section, we quantify the difference in computational cost (measured in wall time) between
the proposed method and traditional Bayesian inference methods like MCMC. The cost of MCMC is
straightforward to calculate—to generate Ns independent samples of the posterior, the cost is

cost(MCMC) = Ns tsample/ηsample, (34)

where tsample is the time required to propose, evaluate, and accept or reject a sample; and ηsample is the
sampling efficiency, or the effective sample size divided by the overall number of samples. In our case,
tsample is at least the cost required to run a Hall thruster simulation. The use of the DRAM algorithm
increases tsample, as delayed rejection leads to multiple posterior evaluations, and thus simulations, on
some samples. Finally, the sampling efficiency accounts for the fact that successive samples are correlated,
causing the number of truly independent samples to be far less than the nominal value.

We break the cost of the diffusion model into three phases—data generation, training, and sampling.
Data generation can happen in parallel, so the cost of generating Ntrain training examples in parallel
batches of Bdata at a cost of tsim per simulation is

cost(generation) = Ntrain tsim/Bdata. (35)

Training also proceeds in batches of size B for Nepochs passes through the training data. If tbatch is the
time to step through one batch of data, then the training cost is equal to

cost(training) = NepochsNdatatbatch/B. (36)

Finally, we sample the diffusion model. Each sample is independent and generated in parallel, but in
practice the cost grows linearly after a certain batch size. Assuming purely serial sample generation of S
steps and a per-step cost for one sample of tstep, the cost of NS samples is

cost(sampling) = NSS tstep. (37)

We next turn to estimating these parameters. For MCMC, we take tsample = 4.5, assuming a base cost
of tsim = 3 s and that half of the proposed samples trigger delayed rejection. The sampling efficiency can
be estimated by dividing the total number of samples by the lag required for autocorrelation to drop to
near-zero. We find this to be O(100) for our problem, depending on the parameter investigated. This
gives ηsample ≈ 0.01. Generating 256 independent samples using MCMC would thus take about 32 h,
neglecting any burn-in phase.
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In appendix A, we find that about 219 training examples are needed for sampling quality to converge.
In the present work, we generated these in batches of 24. At tsim ≈ 3 s, data generation would take about
18 h. Next, model training time depends strongly on the available hardware; using an H100 GPU, it took
about 46 h, while on an RTX 3060 it took 104 h. Finally, sampling time is comparatively negligible; for
a batch of 256 samples using 2048 steps it took 2 min, 3 s on the H100 and 11 min, 54 s on the RTX
3060. This gives a total inference cost of 64 h for the H100 and 122 h for the RTX 3060. In practice, the
data generation cost can be reduced linearly by increasing Bdata, leaving the model training time as the
main irreducible component.

While the costs cited here are larger than MCMC, we have up to this point been discussing the solu-
tion of a single inverse problem with a fixed number of samples. Solving a second inverse problem on
the same physical system, perhaps by modifying the noise model or changing the data, requires us to re-
run MCMC from scratch, doubling the overall time required. In contrast, the diffusion model cost only
increases by the time needed to generate the samples. Similarly, generating additional samples on the
same problem causes the cost of MCMC to increase linearly, while the diffusion model’s cost remains
essentially fixed. At 512 independent samples, the cost of MCMC matches that of the diffusion model
trained on the H100, and at 1024 samples it reaches that of the RTX 3060. On the other hand, increas-
ing the sampling efficiency of MCMC while keeping the cost per sample flat would push the calculus in
favor of MCMC. For low-dimensional inference problems where the posteriors are close to Gaussian, the
sampling efficiency is likely to be high, and MCMC will dominate methods based on diffusion models.
For higher-dimensional inverse problems and problems in which Bayesian inference needs to be per-
formed repeatedly in an online setting, diffusion-based inference is a promising technique.

4.2. Use cases
Given the results presented in this work and the cost discussion laid out above, we now turn to dis-
cussing some promising use-cases for diffusion-based inference in E×B plasma sources. The time to
generate and train a diffusion model like the one in this work is far less than the time needed to design,
construct, and qualify a thruster, or even set up an experimental test campaign. This means that a model
could be trained in parallel with the development and set-up of a test. Once trained, the model could be
queried as new data comes in, providing estimates of the time-averaged plasma state whose uncertainty
would help guide and optimize additional data collection. Such a model would in effect act as a digital
twin for the thruster, being retrained or fine-tuned periodically as the test article ages and its behavior
changes.

The relative speed of a trained diffusion model relative to classical inference methods in an online
setting may enable its integration into a control system. In such an application, the model would peri-
odically obtain sparse data and produce time-averaged plasma state estimates which could inform con-
trol actions. The speed of this control loop would be bottlenecked by the sampling speed. At present,
this implies control times on the order of min and precludes state estimation and control on the scale
of the breathing mode. Given the long mission durations and slow acceleration of Hall thrusters, this
may be acceptable. However, in light of recent speed improvements in image generation models [15], we
believe that with some optimization the number of sampling steps required by the present model could
be reduced by a factor of ten or more. The speed of the underlying 1-D code also allows the diffusion
model’s outputs to be checked for correctness rapidly. Discrepancies between the forward model and dif-
fusion model could then be used to correct proposed control actions and determine when the thruster
or controller has entered an off-nominal state.

4.3. Limitations
Our method currently incorporates scalar parameters such as mass flow rate and discharge voltage in a
manner analogous to class labels in image generators, baking them in at training time. As a result, they
do not participate in diffusion, preventing us from inferring them from data. This limitation became
clear in our comparisons to experimental data in section 3.3, where we were forced to marginalize over
the unknown parameters. While functional, this gave overly-pessimistic uncertainty estimates. In future
work, these parameters could be incorporated into the state tensor, possibly as additional channels of
constant value.

Similarly, our method currently does not consider time-resolved information. This makes it less suit-
able for high-speed online state estimation than Bayesian filtering [6] or time-lagged phase portraiture
methods [7, 8], both of which have enjoyed substantial popularity in the electric propulsion commu-
nity. While a time-dependent version of our diffusion model could be created by stacking multiple time-
instants into a 3D tensor, this would dramatically increase the cost of the method. A promising middle
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ground would be to embed a latent representation of the discharge current signal into the model, analo-
gously to the noise level and scalar parameters. This would permit the model to capture the correlations
between oscillatory mode and the time-averaged plasma state.

As shown in appendix A, our model currently requires a large amount of training data (at least 219,
or 524 288, examples for the current architecture). While this amount of data is feasible to generate with
an optimized 1-D code like HallThruster.jl, it would be impossible with higher-fidelity codes, even in
parallel. Despite this daunting figure, similar work to ours on 2D PDEs suggest the training data require-
ments may be more modest. Huang et al [17] report a figure of 50 000 training examples for a model
of 2D Darcy Flow, while Jacobsen et al [18] report 10 000 examples for both Darcy Flow and the time-
dependent Burgers’ equation. While both of these PDEs are simpler than the governing equations of a
Hall thruster, the figures reported suggest that, as each 2D training example contains more information
than a 1-D example, fewer total examples may be needed. Furthermore, Jacobsen et al employed physics
guidance to ensure the samples obeyed the proper governing equations. This has the effect of signifi-
cantly enhancing sample fidelity for a fixed data size, implying reduced data requirements for a fixed
fidelity. Applying physical conditioning to our use case may be possible, but requires further research
to account for distortions introduced by averaging over the highly dynamical plasma response (see
appendix B for a short investigation into the physical consistency of samples from our diffusion model).
Alternate architectures based on neural operators may further reduce training costs and enhance gener-
alization at reduced data sizes [37]. Finally, it may be possible to leverage the 1-D model to bootstrap a
2D or 3D version, potentially by training a model to ‘upscale’ 1-D simulations into higher-dimensional
versions, or by learning a shared latent embedding. Other ideas incorporating multiple fidelities, such as
training the model on simulations of multiple resolutions, could reduce the average cost to generate 2D
or 3D examples. Multiple innovations to reduce data requirements and increase sampling speed will be
required before the method can be extended to 2D or 3D.

Finally, diffusion-based inference is limited by the distribution of the training data and the capabil-
ities of the underlying model. If the prior distributions of the model inputs are not chosen to be suffi-
ciently wide, the diffusion model may be unable to be successfully conditioned on data that lies outside
the chosen bounds. Additionally, the present diffusion model works only for a single thruster and pro-
pellant, and would need to be retrained to solve inverse problems on a new system. Furthermore, miss-
ing physics and potential discrepancies between model and data must be accounted for in some way. We
attempt to resolve these effects with a highly-flexible parameterization of the anomalous collision fre-
quency curve, but other effects like non-classical heat flux [13] would still be hard to detect. Such effects
could themselves be parameterized, but it would be impossible to account for all sources of discrepancy
between simulations and reality without a prohibitively high-fidelity code. Finally, we note that as we
trained our diffusion model on a 1-D code, we are unable to condition it on data originating from off of
the simulation axis. This reduces its usefulness in important tasks like erosion prediction.

5. Conclusion

In this work, we have demonstrated the viability of diffusion models for inverting sparse measurements
to recover full state estimates in a low temperature, crossed-field plasma device. After training a diffu-
sion model on a dataset of 1-D simulations of a Hall effect thruster, we successfully demonstrated its use
as a forward surrogate of the underlying simulations. We then applied it to several probabilistic infer-
ence problems involving both real and simulated data and found that it compared favorably to ground
truth MCMC predictions as well as semi-analytic methods for inferring fields from measurements. Our
chosen architecture and sampling procedure support arbitrary conditioning at inference time, without
re-training the neural network. This makes it an attractive alternative to classical inference methods in
settings where inference needs to be performed repeatedly.

With these benefits, several challenges remain to be solved. The data requirements of the method
complicate its extension beyond 1-D. Additionally, the current model does not make use of time-
dependent information and cannot perform inference on scalar and operating parameters. Resolving
these issues, as well as reducing the cost of sampling, will be the focus of future work. We believe these
challenges are surmountable in view of advancements in physics-informed generative modeling in other
fields. Given their potential advantages in inference cost and flexibility compared to existing techniques,
diffusion models could become valuable tools in low temperature plasma research, complementing and
extending classical experimental and computational methods.
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Appendix A. Ablations

In this section, we investigate the effect of several numerical parameters on the performance of our dif-
fusion model. We first begin by describing the methodology by which we assign a single numerical score
to the ‘quality’ of a batch of samples from the diffusion model, before using this metric to quantitatively
investigate the role of training data size and sampling parameters on sample quality.

The task of evaluating the quality of samples generated from a diffusion model can be framed as
finding a suitable distance metric between probability distributions. With such a metric in hand and a
test set obtained from the true distribution, we can ask how ‘far apar’ the distribution of our samples is
from that of the test set. In this work, we choose the maximum mean discrepancy (MMD) as our dis-
tance metric [41]. Unlike other common distance metrics used to evaluate image models, such as the
Fréchet inception distance (FID), the MMD is unbiased and makes no assumptions about the shape of
the underlying distribution [42].

The MMD is a kernel-based distance metric and requires a kernel function k(x,y) to measure the
similarity between two samples. For two distributions x∼ p(X) and y∼ q(Y), from which we have drawn
m and n samples, respectively, an unbiased estimator for d2MMD is [41]

d2MMD =
1

m(m− 1)

m∑
i=1

n∑
j̸=i

k
(
xi,xj

)
+

1

n(n− 1)

n∑
i=1

n∑
j ̸=i

k
(
yi,yj

)
− 2

mn

m∑
i=1

n∑
j=1

k
(
xi ,yj

)
. (A1)

We use the squared exponential radial basis function kernel, k(x,y) = exp
[
−∥x− y∥2/2ℓ2

]
. The kernel

width, ℓ, is a free parameter but has a weak effect on the results. We fix it at 10.
In image generation settings, the chosen distance metric is typically not evaluated in pixel space.

Instead, the samples are compressed or embedded into a latent space which is more semantically mean-
ingful. Typically, this is done with a separate image embedding model, such as Inception or CLIP [42].
Such a model does not exist for Hall thrusters. To avoid designing, training, and testing an entirely sepa-
rate neural network from scratch, we turn to tensor-based compression methods. Specifically, we use the
incremental hierarchical tucker (HT) algorithm developed by Aksoy and Gorodetsky [43], to compress
our samples. We run the algorithm on our training dataset of 221 examples to generate the HT compres-
sion cores. These can then be used to compress all generated samples, as well as a held-out test set, into
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Figure A1. Squared maximum mean discrepancy (d2MMD) as a function of training data size, model size, derivative loss scale
and number of sampling steps. The top row shows results for unconditional sampling using 4096 samples, compared to an
equal number from a test dataset. The bottom row corresponds to conditional sampling with a reference of 4096 samples from a
Markov Chain Monte Carlo run as in section 3.2. The nominal parameter values used in the body of the paper are indicated with
a yellow star. Generation quality is most strongly affected by the amount of training data available and the number of sampling
steps taken.

the same latent space. We set a reconstruction error tolerance of 10% when compressing the training
dataset, which gave a compression factor of 6×.

With these preliminaries developed, our procedure for these ablations is as follows. We first create
the HT compressor on the training dataset and use it to compress a test set. Next, we generate samples
from a diffusion model using the parameters under study for the ablation. Finally, we compute d2MMD

between the generated samples and the test set using m= n= 4096 samples of each dataset. For UQ,
we evaluate d2MMD 12 times on different sets of 4096 samples and report 50% and 95% credible inter-
vals. We study four parameters—training data size, model size, derivative loss scale, and number of sam-
pling steps, on both unconditional and conditional sample generation. For unconditional sample gener-
ation, we compare our samples to a test dataset of 131 072 simulations generated in the same way as in
section 2.2 which were not included in the training dataset. Meanwhile, we generate conditional samples
using the ion velocity profile from the reference simulation as in section 3.2. These are then compared to
the samples obtained using MCMC from the same section. We present the results of these ablations in
figure A1, and describe the details of each study in the following sections.

Training data size
One of the main challenges with applying any machine learning technique is the need for large amounts
of data to train a sufficiently powerful model for the task at hand. While in our case the model was
cheap enough that we could generate millions of training examples, generating a similar amount for a
2D or 3D physics model would be computationally infeasible. To assess the data needs of our method,
we train multiple models on differently-sized subsets of the full training dataset of 221 samples. During
training, each model saw the same number of total examples, i.e. for smaller dataset sizes, the model
made more passes through the training data. In figures A1(a) and (e), we report the effect of varying
the number of simulations used to train the model on d2MMD. We find that generation quality improves
with increasing data size and saturates at a size of 219 (524 288) training examples for unconditional
sampling and 217 (131 072) examples for conditional sampling. The reduced data requirements for con-
ditional sampling in this case likely stem from the fact that our chosen reference simulation is a rela-
tively ‘typical’ Hall thruster simulation. Conditional sampling on this data thus guides sampling toward
higher-probability regions of the prior probability distribution which can be learned with less data. In
both cases, the required number of samples is large and only possible to obtain due to the low computa-
tional cost of our Hall thruster code. Physics guidance may help reduce the data requirements further by
exploiting known relationships between fields during sampling [17]. Additionally, architectures based on
neural operators may help improve generalization at lower dataset sizes and reduce data generation and
training costs by allowing simulations of multiple resolutions to be used simultaneously [37].
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Table A1. Parameters, batch sizes, and training times for model size ablations.

Model Blocks per layer (NB) Encoding channels (NC) Batch size Training time (H100)

XS 2 32 8192 1 day, 16 h

S 2 64 8192 1 day, 19 h

M 3 64 8192 1 day, 22 h

L 4 64 8192 2 days, 6 h

XL 4 96 4096 7 days, 8 h

Model size
We next investigate the role of model size on the sample quality. For this, we define five models: XS, S,
M, L, XL, with parameters given in table A1, and train them on the full dataset of 221 samples. The M
model corresponds to the model used throughout the body of the paper. We vary the number of resid-
ual blocks per layer (NB) as well as the number of encoding channels (NC). Each model was trained on
the same number of total training examples at the maximum batch size that could fit in the memory
of a single Nvidia H100 GPU [44]. We plot in figures A1(b) and (f) the effect of model size on d2MMD.
Increasing model size leads to improved performance for both conditional and unconditional sam-
pling, but the effect is subtle and saturates past the M case. The median discrepancy of the XS model is
2 times that of the M model, while the XL model offers no further improvement outside of uncertainty.
This suggests that the features of our dataset are more or less optimally captured by the M model.

Derivative terms in loss function
In contrast to prior diffusion modeling efforts, we incorporate derivative terms into our loss function.
The intention of this is to ensure smooth gradients and to reduce point-to-point noise in generated sam-
ples. Figures A1(c) and (g) show the results of varying the derivative factor in the loss term, fd, from
0 to 4. We find that fd⩽2 does not impact generation quality, while fd = 4 harms conditional sample
generation. While the effect of these derivative terms in the present study was marginal, they may still
prove useful when applying physics guidance in future work.

Sampling steps
One of the drawbacks of diffusion models compared to other image generation methods is the relatively
long sampling time. This stems from the iterative time-stepping approach used for sampling compared
to the one-step method used by architectures like variational auto-encoders and generative adversarial
networks . Reducing the number of sampling steps taken directly reduces the cost of the method, at the
cost of worse sample generation and in some cases reduced sampling stability. Figures A1(d)–(h) plot
the sample quality versus number of sampling steps taken. We find that d2MMD decreases with increasing
sampling steps up to 211 (2048), the nominal value used in this work. Above this value, the sampling
quality degrades to the same level as at 1024 sampling steps. As the sampling process is sequential, the
time to generate samples increases approximately linearly with the number of sampling steps, with the
model taking 42 s to generate 1024 samples at 256 steps and 2040 s at 16 384 steps.

Appendix B. Physical consistency

In this section, we examine the physical consistency of generated samples, i.e. their adherence to the
governing equations underlying the 1-D model. As noted in the text, we do not enforce physical rela-
tionships between spatial fields and parameters during either training or sampling. Instead, these rela-
tionships must be learned. Here, we look at five basic algebraic relationships, listed in table A2 which
should hold for a steady state Hall thruster simulation. As many of our simulations are oscillatory and
averaged in time, these relationships may no longer be exact, and large non-zero residuals may be possi-
ble depending on the amplitude of the oscillations. Furthermore, finite difference derivatives can amplify
numerical noise and cause non-zero residuals even when the underlying data is consistent. These caveats
make the exact enforcement of consistency relationships more challenging than in previous applications
of diffusion models for field inversion in PDEs [18].

For each case, the left-hand side is either a row of the data tensor or a scalar parameter from table 1
while the right-hand side is computed from other rows of the tensor. For each relationship, we report
the average L2-norm of the difference between the left and right-hand sides of the quality, normalized
by the L2-norm of the left-hand side. For a relationship of the form x= y, where x and y are quantities
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Table A2. Residuals of five algebraic physical consistency relationships for 8192 unconditional samples
of both the validation dataset and diffusion model.

Relationship Median (reference) Median (generated)

ne =
∑

i Zi ni 1.51× 10−6 0.0102

ṁa = miAch · (nnun +
∑

i ni ui) 0.0799 0.0927

pe = neTe 1.41× 10−4 0.0244

E=−∂ϕ/∂z 0.0425 0.147

∇pe = ∂pe/∂z 0.138 0.192

Figure A2. Distributions of physical consistency residuals for 8192 samples from the reference validation dataset (black) and
generated by the diffusion model (red). Note the different axis limits for the ne plot.

defined at all 128 grid points, the residual we use is thus defined as

R(x,y) =

√√√√∑
j

(
xj − yj

)2∑
j x

2
j

. (A2)

We evaluate equation (A2) for 8192 unconditional samples drawn from both the validation dataset
and diffusion model and list in table A2 the median values for both validation and generated samples.
We additionally plot in figure A2 histograms of these residuals. The plasma density residual is near zero
in the validation set but between 0.5% and 2% in the generated samples. The flow rate and electron
pressure residual distributions of the generated samples match those of the validation set well, albeit
with larger median errors. Finally, the two derivative quantities exhibit that largest difference between
the validation and generated samples, likely due to noise in the generated samples. Despite the challenges
listed above, these results are encouraging, with the generated samples exhibiting median residuals of less
than 20% across all five relationships. It is thus clear the diffusion model is able to learn to approximate
key physical relationships even without explicit enforcement, lending confidence to its predictions.
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